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Abstract 

Conjugate Gradient Solver is a well-known iterative technique for solving sparse symmetric positive definite(SPD) systems of 

linear equations. The aim of this paper is to optimize and parallelize the currently available Conjugate Gradient Solver on GPU 

using CUDA which stands for Compute Unified Device Architecture, is a parallel computing platform and application 

programming interface (API) model created by NVIDIA. Existing Conjugate Gradient Solver can be optimized with the help of 

some techniques available for sparse matrix storage like Compressed Sparse Vector(CSV).CSV method uses only two arrays 

which helps to reduce space and time required to store the large sparse matrix. For parallelization, CUDA uses number of threads 

to perform large computations of iterative part of the solver.  
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________________________________________________________________________________________________________ 

I. INTRODUCTION 

Conjugate Gradient method is the one of the most popular and well known iterative techniques for solving systems of linear 

equation which involves large sparse symmetric positive definite (SPD) matrices. A sparse matrix is a matrix which involves 

primarily large number of zero elements. The general form of system of equation to solve is, 

Ax = b 

where, A is the symmetric positive definite matrix of order m ᵡ n  

m is the number of rows 

n is the number of columns 

b is the n ᵡ 1 known right hand side vector. 

x is the m ᵡ 1 solution vector which we want to calculate. 

 The method of Preconditioning: 

Defination: - A matrix M is called a preconditioner of another matrix A, if the condition number of the matrix M-1A is smaller 

than the condition number of a matrix A[5]. We could improve the convergence of the conjugate gradient method by 

preconditioning the linear system. A preconditioned matrix M of a matrix A is such that the condition number of M-1A is less 

than the condition number of matrix A. We require that a preconditioned system has better spectral properties. An ideal 

preconditioning matrix M must fulfill the following properties: 

It must be a good approximation to the original matrix under consideration and must not be expensive to construct from the 

point of number of operations involved. 

The preconditioned system must be easier to solve compared to the original system. 

 Need of Parallelization:  

One relevant purpose of using parallelism is to obtain the desirable reduction in the execution time, measured by the speedup 

metric. In the parallel computing context it is calculated as the ratio between the sequential execution time and the parallel 

execution time. Regarding only the number of processing elements(PE) executing a parallel program, it can be said the 

maximum speedup is equal to the number of PEs (linear speedup). 

II. RELATED WORK 

The solution of large sparse linear systems, which are mainly arisen from the discretization of partial differential 

equations(PDEs), is an important problem in scientific computing. Krylov subspace methods such as Conjugate Gradient(CG) 

and Generalized Minimal Residual (GMRES) gain popularity in solving this problem because they require only matrix-vector 

products and a few vector operations per iteration, thus can be easily implemented on high-performance computers. Yao Chen et 

al suggested the two preconditioners in order to accelerate convergence which is Incomplete Cholesky and Symmetric successive 

over-relaxation (SSOR) [2]. They also suggested level scheduling to increase multi-thread parallelism of sparse triangular solve 

on GPU. Level Scheduling splits the computation into two phases: an analysis phase which groups unknowns into different 
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levels so that all unknowns of the same level can be determined simultaneously followed by a solve phase which solves the 

triangular system level by level. They analysed that the standard method of solving triangular system is forward/backward 

substitution which is serial processing and hard to parallelize on GPU. 

Loïc Chevallier et al proved that the GPU speedup tends to increase with the problem size. Due to GPU setup and 

communication times, the speedup is greater than one typically for large problems [3]. From their experiments it clearly appears 

that unit-test models do not follow a simple relationship between speedup and the problem size, i.e., several values of speedup 

are found for a given value of the problem size where alternator was considered for experiment. So they then considered a 

rectangular rod for their experiment. Also they explained about OpenCL as its a standard for parallel computing consisting of a 

language (an extension of C), API, libraries and a runtime system. OpenCL is based on a platform model that divides a system 

into one host and one or several compute devices. Compute devices act as co-processors (e.g. GPUs) to the host (e.g. CPU). An 

OpenCL application is 1 executed in the host, which sends instructions, defined in special functions called kernels, to the device. 

A single host can manage multiple devices, even heterogeneous devices. OpenCL allows for creating contexts and queues in 

order to manage tasks being launched by the host in all attached devices. 

Ana Flávia Peixoto analyze the performance of the GPU using the incomplete Cholesky (IC) CG method (ICCG) and 

incomplete LU (ILU)preconditioned GMRES method[1].Viviane Cristine Silva presents an ICCG implementation architectures 

using domain decomposition. They analysed two models where Model 1denotes the solution of the linear system of real 

unknowns, which models the 3-D elliptic problem, whereas Model 2stands for the solution of the complex linear system issued 

from the time-harmonic. 

Guiming Wu et al proposed a high performance architecture of Conjugate Gradient Solver on field programmable gate 

arrays(FPGAs), which can handle symmetric positive define systems of arbitrary size[4]. They suggested that we must partition 

sparse matrices to fit in the limited internal RAM. Assume that sparse matrix and vectors are stored in off-chip memory. It is 

different from some previous work, where only the internal RAM is used to store the matrix and vectors. In our design, a block 

of x is transferred to the internal RAM before computing, and then a block of A is streamed into our architecture to drive the 

computation. After all the blocks from the same row are finished, a block of y will be obtained and stored back to the off-chip 

memory. 

Maryam Mehri Dehnavi presents some obstacles to accelerate the preconditioned conjugate gradient (PCG) method on 

modern graphic processing units (GPUs) is presented and several techniques are proposed to enhance its performance over 

previous work independent of the GPU generation and the matrix sparsity pattern. The proposed algorithm outperforms previous 

methods on both platforms. Unlike previous  methods, which are not optimized for matrices with small number of non-zeros per 

row, the proposed optimizations, independent of the matrix sparsity pattern, are able to increase considerably the performance for 

such matrices. 

One of the paper is based on the implementation of five different algorithms on the GPU, and comparison of  their 

performance with those of a CPU. The GPU-based solver was approximately eight times faster. Using CUDA, a 2D solver with 

multi-grid Full Approximation Scheme (FAS) used to accelerate convergence of all flow variables (u, v, and p). Steady-state 

calculations of driven cavity flow with 4096 x 4096 could be performed in a minute of GPU time[6]. 

Tom R. Halfhill presented the real problem with parallel processing which is too many solutions. Finding the best one for a 

particular application isn’t easy.[9] Choosing a processor architecture is only the first step and may be less important than the 

software-development tools, the amount of special programming required. 

III. PROPOSED WORK 

For solving linear equation systems having large sparse matrices, the main time consuming part is matrix manipulation[7].This 

sparse matrix manipulations can be made quicker by the use of different sparse matrix storage formats such as 

- Compressed Sparse Row format(CSR) 

- Compressed Sparse Column format (CSC)  

- Coordinate storage format(COO)  

All of these techniques have some disadvantages [8]. To overcome them, the new technique is proposed i.e. Compressed Sparse 

Vector (CSV) which will be better if used than Compressed Sparse Row (CSR) format. 

 Compressed Sparse Vector (CSV) Method: 

A new efficient method uses two arrays used for storing sparse matrices with arbitrary  sparsity patterns. First we consider the 

following method which is the main idea for the Compressed Sparse Vector (CSV) format [11]. Suppose A is a non-square mn 

large sparse matrix. We consider two arrays as AA and IA of length Nz + 1, where Nz is the number of non-zero elements in A. 

The array AA stores the non-zero elements of a stored row-by-row and IA contains the indices of non-zero elements which 

assigns a number for any element. 
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CSV representation for above matrix can be shown as below. 

Index 0 1 2 3 4 5 6 7 8 9 10 

Non-zero Value 11 12 14 22 23 25 31 33 34 42 45 

Index 1 1 2 6 1 2 4 2 1 6 3 

 
Index 11 12 13 14 15 16 17 18 19 20 

Non-zero Value 46 55 65 66 67 75 77 78 87 88 

Index 1 7 8 1 1 6 2 1 7 16 

There are many advantages of CSV over CSR format such as 1)Less Storage Volume, 2)Ease of Transpose Matrix Calculation, 

3)High Speed ,4)Broad Range for Storage Sparse Matrices.[5] 

IV. CONCLUSION 

This new method which we called it Compressed Sparse Vector (CSV) format, for storage of coefficient matrix A of linear 

system , has been based on row counting indexing, in CSV method, growing rate of indices values has been controlled by 

restarting indices after passing each non-zero element. Storage compaction in this new method will be better than other methods. 

Also, calculating of transpose of matrix A is very simple without any computation cost. Furthermore, we can conclude that 

application of CSV method for representing sparse matrices will not only reduce the storage volume of the compressed matrix, 

but also it increases the speed of the computers in practice. Also, using this method is suitable for dense sparse matrices, 

therefore, a broad range of sparse matrices could be compressed. Thus, since memory is an issue, the method’s low storage 

requirements provide a means to tackle very large problems which would otherwise be out of reach.  
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