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Abstract 

Graphics Processing Unit (GPU) is an attractive and feasible solution for achieving good performance. The use of GPU becoming 

more popular because of their advantages. In this paper we have presented survey of different solver like LU Decomposition, 

Gauss-Jordan Elimination and Jacobi Iteration. Basically, these solvers are used for solving large linear system. To speed up the 

process of solving linear system of equation this solver have implemented in CUDA language on graphics processing platform. 

This linear solver can be used in many scientific intensive application domains. As compare to single CPU, GPU will help in 

achieving higher performance. 
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I. INTRODUCTION 

In recent year we know that GPU is very famous for their computational capabilities. It can solve large-scale problem very fastly. 

Now there is no need to solely rely on the CPU of computers to perform all of program computations. Graphics Processing Units 

(GPUs) particularly, with their large number of processors, provides cost-effective solution for high performance computing 

(HPC). As an extra benefit, modern programming frameworks, such as NVIDIA Compute Unified Device Architecture (CUDA) 

have made programming on the GPU more simply and friendly for programmers of high-level languages with basic parallel 

programming knowledge. Even if GPU have more advantages than CPU still in some application we cannot map all code to GPU 

[1]. In that case we have to map part of code on GPU to achieve parallelism. The graphics processing unit has quickly become an 

industry standard as an integrated part of today's mainstream computing systems. A variety of scientific applications have adopted 

GPU-assisted computing and achieved notable speedups, such as Computational Fluid Dynamic, N-Body Simulation, Numerical 

Weather Prediction, etc [2]. 

As the performance of modern graphics hardware increases and becomes more flexible in terms of programming capabilities. 

Many researchers apply this new technology to problems previously solved on CPUs. The graphics processor unit (GPU) consists 

of a set of multiprocessors designed to obtain the best performance with graphics computing. Nevertheless, its computational power 

can be used for general purpose computing [3]. 

Now many of the linear solvers are accelerated using CPU-GPU interaction. Many practical problems could be reduced to 

solving a linear system of equations. Which is formulated as Ax = b. basically, for solving linear system of equation there is two 

methods: Direct Method and Iterative Method. For solving linear system of equation we use this both methods. Under these both 

types there are many solver have been already introduced. However, solving a huge linear system is not an easy task and it often 

requires a lot of computational power. By using GPU advantage we can accelerate the computation of much application. 

The structure of the remainder of this paper is as follows. In Section II, we describe the NVIDIA GPU architecture and CUDA 

programming model. In Section III, we provide a brief review of works that are of interest with regard to this paper. The detail 

literature review about linear solver for solving linear system of equation and its implementation on GPU. Section IV describe 

overall summary and conclusion. 

II. NVIDIA GPU ARCHITECTURE AND THE CUDA PROGRAMMING MODEL 

In this section we will discuss about the GPU parallel computing architecture which is followed by the CUDA programming model. 

 Processor Architecture 

Processor architecture basically designed to perform high performance computation, the architecture of a GPU makes massively 

parallel data processing. Unlike CPU, a GPU has more transistors dedicated to data processing than to data caching and flow 

control. A basic building block of NVIDIA (e.g. GTX series) GPUs is a multiprocessor consist 8 cores, up to 16384 32-bit registers, 

16KB memory shared between 1024 co-resident threads (a multiprocessor executes a block of up to 16 warps, comprising of up to 

32 threads, simultaneously) [4]. 

 Memory Architecture 

In a GPU, different types of memories are available. Global memory is the largest memory available to all the computational blocks 

and it is visible to each and every thread in the same compute grid with large size. Shared memory is within a computational block, 
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which is visible to threads running within the computational block. The shared memory is very fast to access, but much smaller in 

capacity than the global memory. GPU shared memory helps improve performance mainly because, it is dedicated to a CUDA-

block and closer to the processing cores [5]. The results from GPU are sent back to the CPU. This is all about short introduction 

about GPU memory architecture.  

 CUDA Programming Model 

NVIDIA has officially released CUDA in 2007. CUDA is a hardware and software co-processing architecture for parallel 

computing that enables NVIDIA GPUs to execute programs written with C, C++, FORTRAN, OpenCL, DirectCompute, and other 

languages. Because most languages were designed for one sequential thread, CUDA preserves this model and extends it with a 

minimalist set of abstractions for expressing parallelism [6]. Several different libraries already exist in the field of linear algebra 

on GPUs. Most of them use CUBLAS, an implementation of the BLAS on CUDA made by NVIDIA [7]. By integrating this library 

into CUDA framework we can solve linear system of equations easily. There are many other libraries such as CUSP, AmGx etc. 

also available. A CUDA program is organized into two part i.e. a host program and GPU computing. A host program consisting 

of one or more sequential threads which run on a host CPU, and one or more parallel kernels suitable for execution on a parallel 

computing GPU. CUDA support threading functionality because of it helps us to speed up the computation. It also provides more 

flexibility for the memory usage. There are different memory access possibilities, such as global memory, shared memory and 

textures [8]. 

III. PREVIOUS AND RELATED WORK 

In this section we discuss about some literature review on the GPU based linear solver. Throughput-oriented architectures, such as 

GPUs, are becoming a ubiquitous accelerator for the computational task in engineering as well as scientific application. GPU 

memory can be efficiently utilized for solvers where the matrix has a regular structure [4,9]. GPU based linear solver which uses 

the direct and iterative methods. Below some literature review about LU Decomposition, Gauss Elimination and Jacobi Iteration.  

 LU Decomposition 

The main application of LU decomposition is to solve linear systems. Consider system in matrix form i.e. 

Ax = B............... (1) 

Where A is n×n matrix with the coefficients of each equation of the system. x is a n × 1 vector with the unknowns. b is also a n 

× 1 vector with the right-hand side of the systems equation. Making the LU decomposition of A, (1) can be rewritten as equation 

(2) 

LU x = b............. (2) 

Where L is lower triangular matrix and U is upper triangular matrix for further computations equation (2) can be rewritten as 

equation (3) and (4) 

Ly = b............... (3) 

Ux = y................ (4) 

After this calculation, we can proceed in a similar way by the rest of equations of the system [10]. This is basics steps followed 

in LU decomposition. 

Now in various applications LU decomposition is used. For accelerating the performance of LU decomposition they have ported 

in on GPU. Here is some application in which GPU based LU decomposition approaches are used. 

 GPU-based LU decomposition for large method of moments problems 

E. Lezar and D.B. Davidson [11] (2012) has considered the GPU-based LU decomposition method for large method of moments 

problems. In this proposed system, they did method of moments (MOM) analysis of electromagnetic phenomena. By using LU 

Decomposition with graphics processing units (GPUs) has been considered. They have accelerated the large 

Matrix computation using LU decomposition on GPU. The LU decomposition is one method that can be employed to solve 

dense linear systems such as those found in the MOM and has been widely used [12]. In this they have considered 

First panel-based LU decomposition approach. To overcome the memory limitations that are inherent in GPU computing, an 

out-of-core LU decomposition is used as a starting point. ScaLAPACK library is used for parallel implementation of LU 

decomposition. Because of GPU based linear solver they have achieved higher performance and speedups of up to about 15× being 

measured.  

 LU Factorization for Parallel Circuit Simulation 

In [12] (2012) Ling Ren et al. have considered the sparse LU factorization for parallel circuit simulation on GPU. In that they have 

followed step by step process for CPU-GPU interaction as follow: 

1) The preprocessing done on CPU only once. 

2) Once preprocessing part is done all the data is transferred to GPU. 

3) All the factorization work is done on the GPU. 

4) Then final result is copy back to CPU. 

This workflow is followed in this paper. We observed the optimize the work partitioning, the number of active thread groups, 

and the memory access pattern, based on GPU architecture. On matrices whose factorization involves many floating-point 
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operations, GPU-based sparse LU factorization achieves 7.90× speedup over 1-core CPU and 1.49× speedup over 8-core CPU 

[12]. 

 LU Decomposition on GPUs: The Impact of Memory Access 

In [10] (2010) Leandro F. Cupertino et al. has proposed impact of memory access when LU decomposition implemented on GPU. 

In this paper they have shown the use of GPUs can accelerate the computation many times the speed of a single CPU. Their main 

goal is to parallelize the LU decomposition to fit the highly parallel architecture of modern GPUs, and to evaluate different types 

of memory access and their impact on the execution time of the algorithm. 

 Gauss-Jordan Elimination 

Gauss Jordan Elimination method basically used for solving the linear system of equation like LU decomposition. In various 

applications Gauss Jordan elimination method is used. To speed the process it is now used with GPU. Gauss-Jordan Elimination 

is a variant of Gaussian Elimination that a method 

of solving a linear system equations : 

Ax = B 

Gauss-Jordan Elimination is an algorithm for getting matrices in reduced row echelon form using elementary row operations 

[14]. Gaussian Elimination has two parts: 

 Forward Elimination 

 Back Substitution 

Below we will see the various approaches this solver is used. 

 Gauss-Jordan Elimination Algorithm for Matrix Inversion 

In [13] (2011) Pablo Ezzatti et al. have used Gauss Jordan Elimination approach for matrix inversion. Inversion of matrices appears 

in large scale problems. Therefore we need high performance computing for solving these problems. For that purpose Pablo Ezzatti 

et al. has proposed evaluation of high performance codes for matrix inversion, based on Gauss-Jordan elimination with partial 

pivoting, which off-load the main computational kernels to one or more GPUs while performing fine-grain operations on the 

general-purpose processor. In this they have considered the multi-core processor connected to several GPU. The major advantages 

of GJE over the traditional approach for matrix inversion via Gaussian elimination are [13]: 

Most of the computations in GJE can be cast in terms of matrix-matrix products. The product of matrices is a highly parallel 

operation that can exploit all the capabilities of massively parallel architectures like GPUs. 

The updates of the blocks of the matrix in positions other than the panel factored during the current iteration can be all performed 

in parallel. 

Further this GJE approach they have considered for multi-GPU platform. 

 Gauss-Jordan elimination method with CUDA for linear circuit equation systems 

In [14] (2012) Nesrin Aydin Atasoy et al. has used Gauss Jordan Elimination approach for solving linear circuit equation with 

cuda. CUDA framework is used for solving linear circuit equation system. The performance of Gauss-Jordan Elimination Method 

is examined in terms of execution time by using parallel programming techniques on graphic card. Application developed on GPU 

utilizing CUDA is faster than the application developed on CPU in the solution of n unknown linear equation system such as 3×3, 

4×4, etc. 

 Efficient Algorithms for Solving Dense Linear Systems on Graphics Hardware 

In [15] (2005) Nico Galoppo et al. has proposed different types of efficient algorithm for solving dense linear system of equation 

on graphics hardware. In this paper they have proposed two methods i.e. LU decomposition and Gauss Jordan Elimination method 

for solving linear system of equation graphics hardware. They have compared the result of this two methods on graphics platform. 

While measuring the performance on GPU platform they already measured the performance on CPU platform. The implementation 

of Gauss Jordan Elimination on GPU gives more performance than the CPU. The performance of these algorithms on GPUs can 

depend on a number of factors such as the texture cache sizes, the block sizes used to fetch data from the texture memory, the 

texture access pattern of each fragment processor and the total number of fragment processors on the GPU [15]. They also shown 

some analysis based on the computational complexity, memory bandwidth and cache efficiency. 

 Jacobi Iteration 

This is the method for solving the linear system of equation. This is the iterative method.  

 Jacobi Iteration Using CUDA 

In [8] (2008) Ronan Amorim et al. has proposed CUDA programming model with Jacobi Iteration. In this paper they have used 

weighted jacobi approach which is inherent the parallelism. To solving weighted jacobi they have used CUDA programming model 

the extension of c programming language. C language allow to programmer to define C function i. e. kernel function, by using this 

kernel function it allow to create N no. of threads to perform computation in parallel way. They have used this approach to 

implement weighted jacobi on GPU. To comparison purpose they have implemented this algorithm on different hardware like 

Dual-Core AMD Opteron with a GeForce 8600GT graphics card. Likewise different hardware environment they have used for 

comparison purpose. The problem size for this comparison is 1024×1024, i.e., height and width are 1024.  
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 Jacobi Algorithm for Solving Eigenvalues of Symmetric Matrices with CUDA 

In [16] (2012) Tao Wang et al. has proposed implementation of Jacobi algorithm for solving eigenvalues of symmetric matrices 

with CUDA. Contribution of this paper is summarized as follow: 

 In their experimental environment, Intel Core i5-760 quad-core CPU, NVIDIA GeForce GTX460 card, and Win7 64-bit 

operating system is used. 

 This paper’s experimental results show that the Jacobi on GPU algorithm can save more running time than traditional 

sequential algorithms. 

 The speedup ratio is 3.02 ∼ 13.71. 

 The theoretical analysis show that the time complexity of the parallel algorithm is O(n). 

IV. CONCLUSION 

From survey it is often seen that, the performance of graphics hardware grows much faster than That of CPU. GPUs are used for 

designing solvers because of their high process capability for parallelization. Proposed solver like LU Decomposition, Gauss-

Jordan Elimination and Jacobi Iteration are developed on GPU to achieve smart acceleration. Large linear system can be solved 

with the help of differential equations. This differential equation solve with this algorithms. Slow algorithm cannot be solving this 

linear system in feasible time. To accelerate the performance, it needs large no. of computing power. In this case GPU is very 

feasible solution to develop such algorithm to improve efficiency of system. 
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