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Abstract

Owning the concept of complex-valued metric spaces, which was introduced by Azam et al. [4], who introduced the new concept
and established a common fixed point result in the context of complex-valued metric spaces. In this paper, we generalized the
concept of chatterjea [14] contraction mapping for single-valued mapping on the complex-valued metric spaces.
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I. INTRODUCTION

It is well known fact that the mathematical results regarding fixed points of contraction-type mappings are very useful for
determining the existence and uniqueness of solutions to various mathematical models. The theory of fixed points has been
developed, regarding the results to finding the fixed points self and nonself over the last 51 years.

Many authors have proved fixed point results in the different kind of generalization in complex-valued metric spaces. Nadler
[9] and Markin [8] was initiated the study of fixed points for multi-valued contraction mappings. Azam et al. [4] introduced the
concept of complex-valued metric space and obtained sufficient conditions for the existence of common fixed points. Very recently,
Ahmad et al. [2] obtained some new fixed point results for multi-valued mappings in the setting of complex-valued metric spaces.
Some fixed point results by generalizing the contractive conditions in the context of complex-valued metric spaces was established
by Sitthikul and Saejung [13] and Klin-eam and Suanoom [7]. The results presented in this paper substantially extend the results
given by chatterjea et.al [14] for the multi-valued mappings.

Il. PRELIMINARIES

Let C be the set of complex numbers and z;,z, € C. Define a partial order < C on as follows:
7213 7 ifand only if Re(z1) < Re(z2), Im(z1) < Im(zz).
It follows that z; < 2,
if one of the following conditions is satisfied:
1) Re(z1) = Re(z2), Im(z1) < Im(zy),
2) Re(z1) <Re(z2), Im(z1) = Im(z2),
3) Re(z1) <Re(z2), Im(z1) < Im(z2),
4) Re(z1) = Re(z2), Im(z1) = Im(z2),
In particular, we will write z;5 z,if z1# z> and one of (i),(ii) and (iii) is satisfied and we will write z; < z, if only (iii) is
satisfied. Note that
0suns 22 ﬁ‘h |<‘Zz |,
21322, 12< 213 = 1< Z3.

A. Definition 1.3

Let X is a nonempty set. Suppose that the mappingd : X x X — C satisfies:

1) 0=d(xy) forall x,y € Xand d(x,y) = 0ifand only if x=y;

2) d(xy) =d(y,x) for all x,y € X

3) d(x,y) 2 d(y,x) +d(z,y) for all x,y,z € X.

Then d is called a complex-valued metric on X, and (X,d) is called a complex-valued metric space.
A point x € X is called an interior point of a set A € X whenever there exists 0 < r € C gych that

B(x,r)={ye X:d(xy) <r}c A
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A point x € X is called a limit point of A whenever, for every 0 <I € C
B(x,r) N (A\{x}) #¢.
A'is called open whenever each element of A is an interior point of A. Moreover, a subset B < X is called closed whenever each
limit point of B belongs to B.
Let {xn }be a sequence in X and x € X. If for every ¢ € C with 0 < c there is noeN such that for all n > no, d (xn,X) < c,

then {xn} is said to be convergent, {x»} converges to x and x is the limit point of {x»}. We denote this by lim X, = X, or X,— X

n—ow
as n—oo,

If for every ce C with 0<c there is ngeN such that for all n > ng, d(Xn,Xn+m) < C, where m € N, then {x} is called a Cauchy
sequence in (X,d). If every Cauchy sequence is convergent in (X,d), then (X,d) is called a complete complex-valued metric space.
We require the following lemmas.
llLemma 1.4
[4] Let (X,d) be a complex-valued metric space and let {x,} be a sequence in X. Then {x»} converges to x if and only if |d
(Xn,x)|—0 as n—oo.

JiLemma 1.5
[4] Let (X,d) be a complex-valued metric space and let {x,} be a sequence in X. Then {x,} is a Cauchy sequence if and only
if |d(Xn,Xn+m)|—0 as n—co, where m € N.

&. Definition 1.6 [4]

Let (X,d) be a complex-valued metric space.

We denote the family of nonempty, closed and bounded subsets of a complex valued metric space by CB(X).
From now on, we denote s(z1) = {z; € C: z1< z,} for 1 € C, and

s(a,B) = U s(d(a,b)) = U {zeC:d (ab) < z} forae Xand B € CB(X).

beB

For A,B € CB(X), we denote
s(A,B) = (N s(a,B)) N (N s(b,A)).
aeA beB

. Definition 1.7

[2] Let (X,d) be a complex-valued metric space. Let T: X—CB(X) be a multi-valued map. For x € X and A € CB(X), define
Wy (A) ={d (x,a) : a € A}.

Thus, for x,y € X,

Wi(Ty)={d(x,u) : u € Ty}.

. Definition 1.8

[2] Let (X,d) be a complex-valued metric space. A subset A of X is called bounded from below if there exists some z € X such
thatz < aforalla € A.

E. Definition 1.9

[2] Let (X,d) be a complex - valued metric space. A multi - valued mapping F: X — 2€ is called bounded from below if for
each x € X there exists z,€ C suchthat zy < uforall u € Fx.

F. Definition 1.10

[2] Let (X,d) be a complex-valued metric space. The multi - valued mapping T:X—CB(X) is said to have the lower bound property
(I.b property) on (X,d) if for any xeX, the multi-valued mapping Fx: X—2¢ defined by
Fx(y) = Wx(Ty)
is bounded from below. That is, for x,y € X, there exists an element I« (Ty) € C such that
Lk(Ty)<u
for all u € W(Ty), where Ix (Ty) is called a lower bound of T associated with (x,y).

ir. Definition 1.11

[2] Let (X,d) be a complex-valued metric space. The multi-valued mapping T: X—CB(X) is said to have the greatest lower bound
property (g.l.b property) on (X,d) if a greatest lower bound of Wx(Ty) exists in C for all x,y € X. We denote d(x,Ty)by the g.l.b
of Wx(Ty). That is,

d(x,Ty) = inf{d(x,u) : u € Ty}.
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111. MAIN RESULT

Theorem 1.12. Let (X, d) be a complete complex-valued metric space and let T: X — CB (X) be single-valued mapping with g.l.b
property such that

r:rJ I:1 Tx] [1 :-_"_1.] [1 Tl] I:'L Txﬂ +,-5’J (2. Tx)d (3. Tv) +d (. Tx)d(y. Tﬁ.)]
(1.2) [ d(xTv)+d(y.Tx) J L d(y.Tv) J
J (. Tx)d(y.Ty)+d” (:._'"_T=}-j]} 5J (xTx)d(x.Tv)+d( . Txﬂ
7 [ d(Te.Tv)+d(y.Tx) | i L dxIy)+d(xTx) J

Ji{d (. }'Jd(TI=IL'J+d(}'=TxJ} € s (TxIy)
d(Te.Ty)+d(3.Tx) o

For all x,ye X and 0<a + B +y+S+ A4 <1. ThenT hasacommon fixed point.

Proof : Let X, € X and X €TX, from (1.1), we get
aJ'd(on"c)d(x’wI"l)*d(xll"l)d(xhho” .5 d(x, I, ) d(x, T ) +d(x,. T )d(x, Tnl]
l d(x,Tx) +d(x, T | d(x.Tx) J

[ (36.T6)d (1.F5) 4 x, )|
| d(%Tx)+d(xTg) |

dnTr,ldrTx +d° Tnx
+{t (5.)+¢" (Fan)|

d(T,, T ) +d (%, Tx,)

es(Tx,Tx) e sl'x,Tx!)

J
+Ljd(n x)d (T, I ) +d(x, Tn)l
| d(T.Ix)+d(x,Ix,) J

ﬁ{a’[ngxﬁ]a’[xg:?xl]+d[x1:Tx1]&'[I1=Txg]}_l_ﬁ{ﬂr(xa:ﬁﬁ)d(xljxlj"'d[xﬁjxa)d[xl:ﬁa)}
d(x.T) + (3. Tx) d(x.T)
+FJ{&'[.X;:,:T_X;:,JJ[J;1:T_X;J+&'J[T.X;:,:.X:l)} {a’[x}:ﬂb]a’[xgjxl]+a’[xl=fxﬁ]}
| d(TeTn )+ (3.0 d(x. T ) +d(%.T)
(d(x,%)d (T T, ) 4 (3, T,
+A{ xﬁa’?ﬁa:ffji’[xl:f;l] i }ES[LI{J Forall xe Sy,
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a{d[xmfx:,]d[xmfxlj+a?[x1=fxljd[xl=fx:,jl +ﬁ{d[x:,=fx:,]d[x1=fx1]+d[xj=ijjd[xl=ijjl
d(x. T ) +d (2. Tx) d(x.Ix) J

=+

i

{d[xj=fx:,]ar[xl=fxlj+d:[:I'xyxl]l {d[:x:,=fx;;,]d[:x:,=fx1]+dI:x1=fx:,]1
d(Fo.Ix)+d (x.Tg) | d(x.Dx)+d(%.Tg) |

) Ei (3.0 ) (T T )+ (3. T ) l
MJ[ d(To.Tx)+d (5.0g) | & 5(x.T).

= U S[iﬂr I:x1=xj
xelx

So there exists some X, € TX, such that

a{d[xmﬁ’:,]d[xjjxlj+d[x1=fx1]d[xl=ij]]} +ﬁ{d[xj=fx:,]d[xljxlj+ar|:x:,=ij]d[xl=ijjl
d (2. D) +d(x%.Tx,) J d(%.Tx) J

. [d(x.Tx,)d (3.1 )+ d* (T, %) ] [d(3.T5)d (%.7) +4 (%.T) |
“ d(Tey. T ) +d (3.1, J d(x%.Tq)+d(x.Tg) |
1

) ’a’[szxlja’[ij I ) +d (. Tx,) |
+"’{ (T To)+d(n.Tx) | )
That is,
p ) 400T0)d (3. )+ (. T5)d (. T) o5 d (3. Ty) d (2. T5g ) +d (2. T35, )d (9. T )
be) £ d(%. D) +d (2.7 d(x.T3)

N {d(%fxa)d(%ﬂa}wl(%Jﬁ)} _l_g{d(.xbfxb)d(xﬁ:fxl)-l-d[xlfxb}}
(T Ty )+l (3. T d (. T) +d . )

{a’ (3%.3)d (Tp. T ) 4 (Jﬁf%)}
d (T, T ) +4 (3. Ty )

By using the greatest lower property (g.l.b. property) of T , we get.
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< a{d(%ﬁ)d(%:%)”(%%)d(%=%)}+ﬁ{d(%=%)d(%ﬁ)+d(%%)d(%%)}
- d(%.x)

+J,{d(%=x1)d(%=x1)+d1(xl:xl)}+§{d(%=3ﬁ)d(%=ﬁ)+d(3‘1=ﬁ)}
d(x.%)+d(x.%) d(3.3%)+d(%.5)

N {ﬁf (%ﬁ)d(ﬁ:xl)"'d(ﬁ:xl)}

d(x.x)+d(3.%)
Which implies that

d(x.%,) = ad(x.x5)+B8d (x.x)+7d (%.x5)+8d(%.% ) +id(x.x)

d(x.%) 2 (a+f+y+6+i)d(x.x)
Similarly

d(.%5) = (a+B+r+6+4) d(x.%)

d(x.x) =% (a+B+y+5+4) d(x%.%)

Inductively, we can construct a sequence {X,} in X such that forn=1,2...........,

‘d (Xn’xn+l)

X2n+2 € TX2n+1'

Now form > n , we get

|d(Xn,Xm)|S|d (Xn'xn+1)|+|d (Xn+1’xn+2)|+____+|d (Xm—l’xm)
Where a=a+pf+y+5+4

s(a+ﬂ+7+5+/1)”|d(x0,xl)| with (e + B+ +6+A)<1,X,,., €Tx,, and

<[a"+a"™ +..+a" [ (%, %)

an
1-a

‘d(xn,xm)s{ }|d(x0,xl)|, since 0< a < 1.

And so ‘d (X0 Xy )

—0asm,n—>,

This implies that {Xn} is a Cauchy Sequence in X. Since X is complete, so there exists v e X such that X, —V as n — .

We now show that v e Tv.
From (1.1),we have

All rights reserved by www.ijste.org 144



Generalization of Single-Valued Mapping with Contraction Concept in Complex-Valued Metric Space
(1JSTE/ Volume 2 / Issue 12 / 029)

*

d(x. TV) +d (V. Ty, ) J

a{d[m:mn)d (V) +d(v.TV)d (vT, )|

*

d(v.Tv) J

+ﬁ{ﬂr(1~:n=fxfnﬁ(“=f“)+ﬂ’(x:n=fxzn)ﬂ*(‘~’=fxznﬂ

-

ﬁ,{ﬂ’(x:mﬁ:nlﬂ’(“:ﬂ’ﬁﬂ“(szmi‘ﬂ} {ﬂ*[xszxzdﬂ’(x:mﬂ‘JJrﬂ*[“:Tx:nﬂ

d(T, V) +d(vT,) | A0 ) (v Te)

¥ j" .?_
ﬂr[j-}‘;,‘n:_?-kj)+af(v:rx:n] J EE[ e 1|,.-J

. {a’[xm:v]d[?’x]n:f‘u]+a’[v=fxznﬂ

e N s(x,Tv)

XeSX,,
and so

[ (3, T5,)d (3, TV) +d (v.TV)d (V. T,
o — Jal L Sk -
d(, V) +d(V.Tx,) J

d(x,. Iy, d(v.IV)+d(x,.Tx, d(v.]x,) ]
d(v.Iv) J

|
]

Jd(x2n,Tx2n)d(v,Tv)+dz(Tx2n,v)l 5{d(XZn,TXZH)d(XZn,Tv)+d(v,szn)
+y +
[ d(Tx,,, Tv)+d(v,Tx,,) J d (X, T, )+ (v,Tx,, )

" de-[.x:"ﬁlll]d[.j_:r]r_:j_v.] +d[.1|rl:j_:|f:r_ ]]
YR R : . L A
L d[:-"f:r_j-vl] +ﬂ'-[.‘l-'=fl’:,_.] J es(x,Tv) for all xeTx,,

Since Xania € Ty, , SO we have
J dlx,. T, )d( L,I‘L"]+a"["|.'=ﬂ"]d["n.'zﬁz,ﬂ

[ 4%, T, ) (VTV) 4 (3, T, ) (VT |

| d(v.Iv) |

. | d (%, T,)d(v.Iv)+d " (T, V) | Jd(x,.Te,)d (%, .Tv)+d(V.Tx,)|

| AT IV)rd(vTy,) | | d(xg.T,)4d(vT,)

+/ JF d [..'T:r. : 1"I_.] d [.,I-Tl n: I—\'I..] +d [..1": IT:’- ]]

| A, Tv)+d(v ) | €5(XnnTY)
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eS(XZn-v-:L’TV): U s(d(X2n+l’u'))
so there exists some v, e Tv such that
Jra" (26, T3y, & (20, TV) +d (V. TV)d (V. T2, | ]} JBJ’a" (26, Dy, Jd (V. TV) +d (2, Ty, )& (V. Ty, _']]

| d (3. TV)+d(v.Tx;,) | | d(v.Tv) ]

J’d‘ (%9. Tt ) (V. TV) +d (T V) ]} J d(x,. T, )d (x,.TV)+d (V.Tx,) |

| AT TV)+d(v.Ix,) | N I d(x,. Ty, ) +d (v. Ty, |

¥

) J’d[x:, V) d (T, TV +d(v. T, )|
5.1 8092::V) (T, TV) + (V. Ty ) |

| d(lx,.Tv)+d(v.Ix,)

Jes(d(x v,))s

2n+1? "n

That is,
[d(x,.Te, )d (%, TV)+d(v.Tv)d (v.Tx,,) |

d (V)= | d(%,. TV) +d (V. T, ) )

2n+1' "n

[d(x,,. T, )d(v.TV) +d(x,.Tx, )d(v.Tx,) |

l a.Tv) J

|d(x,. T, ) d(v.TV) +d " (T, V) | cc}_J’ d(x,,. T, )d (3, TV)+d (V.Tx,,) |

| d(Tm V) +d(v.Ix,) J+[ d (. Ty, ) +d (V. Ty, |

'
¥

[d(x,V)d(Tg,. Tv)+d(v.Tx, )|

| d(Tx,.Tv)+d(v.Ix,) |
By using the greatest lower property (g.l.b. property) of T, we get.

< OL{d (X1 X500 ) d (X, V) +d (v, Tv)d (v,xzm)}

d (X, V

2n+1' "n

d(x vn)+d (v,xzm)

2n?

ﬂ d (XZn’X2n+1)d (V’TV)+ d (XZn'X2n+l)d (V’X2n+1)
_|_
d (V’Vn)

{d (X2n’X2n+1)d (V’Vn)+d2(x2n+1’v)}
ty

d (X2n+l’vn)+d (V’X2n+l)

+5{d (XZn’X2n+l)d (XZn’Vn)+ d (V’X2n+l)} +}\’{d (XZn’V)d (X2n+1’vn)+ d (V’X2n+l)

d <X2n’X2n+1)+ d (V’ X2n+l) d (X2n+l’vn)+ d (V’ X2n+1)
By using again the triangular inequality, we get
d (V’Vn) _i d (V’ X2n+l)+ d (X2n+1’vn)'

Then we have
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d (Xyn Xpp0 ) d (Xpp, V) +d (v, TV)d (v, X,, ., )

P20+l
d(X,,,v,)+d(v,x

d(v,v,)= d(v,x,, )+
2n+l)

+ﬁ d(X2n’X2n+1)d(V’TV)+d(X2n’X2n+1)d(V'X2n+l)
d(V,Vn)
d(XZn’X2n+1)d(V’Vn)+d2(X2n+l’V)
Ty
d(X2n+1’Vn)+d(V’X2n+l)
+5 d(XZn’X2n+l)d(XZn’Vn)+d(V’X2n+l) +7\, d(XZn'V)d(X2n+1’vn)+d(V’X2n+l)
d(XZn’X2n+l)+d(V’X2n+1) d(X2n+1’Vn)+d(V’X2n+1)
and we obtain
d(XZn'X2n+1)d(X2n’v)+d(V'Tv)d(V’X2n+l)

ld (v,v,)| < [d (v, x,,.,)| +o d(%,,.v,)+d (V,x

2n+1)

ﬂl‘ [ :":-::'_: :":-::-__1 | ﬂl‘ [ 1"‘I: I—.l"'ll + ﬂl‘ [ -T::'_ 3 :"'.'-: :-__1_.| ﬂl‘ [._1|"I: 'T: :-__1..|

d(v.v,)
dlx,. %, )d(V.v,] +d° EERY
| QX Vy | T A V. X )
‘ﬂr [ 'T::'_: 'T::'__]_ | ﬂr [ 'T::'_: 1"‘I:'_ | +&l- [..1"'I; '-I".-::'__]_ | ‘ﬂl‘ [ '-"'l-: n: 1"'I| ﬂl‘ [ -T::'__]_ 7 1"‘I:-_.l| + ﬂl‘ [..1"'I: '-l"l-::-__]_:l

+0 — — . +1. — — .
‘ a1 X ) T AV 200 ) ‘ Al V| T @V, 2

By letting n — oo in the above inequality , we get ‘d (v,v, )‘ _, 0Oasn — oo. By Lemma (1.4), we have v, —V asn — o .

Since Tv isclosed, so v e Tv. Thus T has a common fixed point.
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