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Abstract 

A new hybrid population-based algorithm PSOGSA combining GWO is proposed in this paper (GWO-PSOGSA). This paper 

achieves improved results using GWO and PSOGSA by synthesizing both algorithms’ strength. Few standardized benchmark 

test functions are used for comparison of hybrid algorithm with the standard GWO. Hybrid GWO is implemented on ELD 

problem using 3 unit and 6 unit systems. Results obtained proved that hybrid algorithm achieves better capability with faster  

convergence when compared with the standard GWO, Cuckoo search algorithm and Lambda iteration method. 
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I. INTRODUCTION 

From the last two decades, Meta-heuristic optimization techniques have become very popular. Some techniques among these 

meta-heuristic such as Genetic Algorithm (GA) [19], Ant Colony Optimization (ACO) [14], and Particle Swarm Optimization 

(PSO) [23] are popular among scientists of different fields rather than computer scientists only. These are used in various areas 

of study in addition to theoretical works. In comparison to conventional methods these are used because of four main reasons: 

simplicity, flexibility, derivation- free mechanism, and local optima avoidance. 

A particular meta-heuristic may show very promising results on a set of problems, but the same algorithm may show poor 

performance on a different set of problems NFL[21] makes this field of study highly active which results in enhancing current 

approaches and proposing new meta-heuristics every year. This also motivates our attempts to develop a new hybrid meta-

heuristic with combination of GWO and PSOGSA. 

The Economic Load Dispatch (ELD) can be defined as the process of allocating generation levels to the generating units, so 

that the system load is supplied entirely and most economically. For an interconnected system, it is necessary to minimize the 

expenses. The economic load dispatch is used to define the production level of each plant, so that the total cost of generation and 

transmission is minimum for a prescribed schedule of load. The objective of economic load dispatch is to minimize the overall 

cost of generation. The method of economic load dispatch for generating units at different loads must have total fuel cost at the 

minimum point. 

The operating cost of the plant has the form shown in Figure 1.2. For dispatching purposes, this cost is usually approximated 

by one or more quadratic segments. So, the fuel cost curve in the active power generation, takes up a quadratic form, given as: 

F(Pgi) =  aiPgi
2 + biPgi + ci 

where 

ai,bi,ciare cost coefficients for ithunit 

F (Pgi) is the total cost of generation 

Pgiis the generation of ithplant 
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Fig. 1.2: Operating costs of a fossil fired generator 

II. GWO  

Syed Mirjalili proposed meta heuristic technique named as grey wolf optimization.[1] This mentioned technique  was inspired by 

the hunting operation and the democratic behavior of grey wolves in the wild. Social leadership phenomenon is followed by the 

troop. Male and female are chief of the troop and named as called alpha (α). Subordinate wolves are at next level called as 

second level which is termed as beta (β). The third level of grey wolves is Deltas (δ) and they have to submit to alphas and betas, 

but dominate the omega. Last and the lowest level of this troop is omega (ω), and functions as to surrender to all the other 

governing wolves. Mathematical formulation of GWO Social hierarchy is as: [2] 

Fittest solution in grey wolves hierarchy herd’s mathematical modulation is, alpha (α).As followed by the social hierarchical 

rule, Beta (β) the second best solution is represented by beta (β) and delta (δ) is the third best solution respectively. Rest of the 

candidate solutions left are to be taken as omega (ω). Optimization problem using grey wolf technique guided by alpha, beta, and 

delta. The lowest rank wolves which are omega have to obey these wolves. 

 Steps Followed In GWO Technique Are As: 

 Encircling prey 

During the hunting operation grey wolves encircles prey. Mathematical Modulation of encircling prey is explained as follows 

[1]: 

D⃗⃗ = |C⃗ . X⃗⃗ p(t) − X⃗⃗ (t)|                                               … (1) 

X⃗⃗ (t + 1) = X⃗⃗ p(t) − A⃗⃗ . D⃗⃗                                           … (2) 

In equations 4 & 5  A⃗⃗  and C⃗  are coefficient vectors, X⃗⃗ p represents the prey’s position vector, grey wolf’s position is 

represented by X⃗⃗  and ‘t’ is the current iteration. 

The calculation of vectors A⃗⃗  and C⃗  is done as follows [18]: 

A⃗⃗ = 2. a⃗ . r 1. a⃗                                                              … (3) 

C⃗ = 2. r 2                                                                   … (4) 

Value of Parameter ‘a⃗  ’diminishes from 2 to 0 during the course of iterations and r1, r2 are arbitrary vectors in gap [0, 1]. 

 Hunting 

Hunt procedure is usually guided by the alpha, beta and delta, which have superior knowledge about the potential location of 

prey. The position of remaining candidates depends upon best search agent’s position and they must update their positions 

accordingly. Formulation of updated position can be explained as follows [1]: 

{

D⃗⃗ α = |C⃗ 1. X⃗⃗ α − X⃗⃗ |

D⃗⃗ β = |C⃗ 2. X⃗⃗ β − X⃗⃗ |

D⃗⃗ δ = |C⃗ 3. X⃗⃗ δ − X⃗⃗ |

}                                                  … (5) 

{

X⃗⃗ 1 = X⃗⃗ α − A⃗⃗ 1. (D⃗⃗ α)

X⃗⃗ 2 = X⃗⃗ β − A⃗⃗ 2. (D⃗⃗ β)

X⃗⃗ 3 = X⃗⃗ δ − A⃗⃗ 3. (D⃗⃗ δ)

}                                              … (6) 

X⃗⃗ (t + 1) =
X⃗⃗ 1+X⃗⃗ 2+X⃗⃗ 3

3
                                                  … (7) 

 Search for prey and attacking prey   

The variable values for ‘A’ belongs to the gap [-2a, 2a]. Whether the wolves will tend towards prey or moves away from prey 

depend on the value of parameter A. In first case, if |A| < 1, then wolves perform exploitation function. This shows wolves will 
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move towards the prey.  And, attacking the prey is exploitation phenomenon whereas searching for prey is the exploration 

process. Function of these generated random values of  ‘A’ are to push the search agent so as to isolate their position from the 

prey. In second case, when, |A| > 1, grey wolves will perform explorary function as they will move away from prey. 

III. HYBRID PSOGSA 

Formulation of hybrid PSOGSA was proposed by S. Mirjalili et al. in 2010[4].Fundamental concept in hybridized optimization is 

the combination of social thinking ability (g best) in PSO using the local search capability of GSA. Upgradation of agent’s 

position using this hybrid PSOGSA algorithm ponders the agents as objects and the position of ith agent is given by- 

Xi = (xi 
1, xi d… xi

n), for i= 1, 2... P ………………. (8) 

Here , x i
d  stands for the ith object position in the dth measurement, measurement of the search space is represented by n , and 

total number of agents are P. During tth iteration, the gravitational force acts on the ith agent owing to the jth agent is given below: 

 
( ) ( )

( ) ( ) ( )
( )

j id d d

ij j j

ij

M t M t
F t G t x t x

R t

 
    

  
 

        …………… (9) 

During initialization process G (t) stand is adjusted that’s represents gravitational constant. Also it functions for the regulation 

of searching ability of the objects and it decreases as the time proceeds.   

G (t) = G0e (-αt/T)                      ………………………(10) 

Here, G0 stands for the initial value of gravitational constant, and  total number of iterations are represented by  Itermax,  α 

stand for a fixed value. 

The overall force in action on the ithagent modulated as: 

1

( ) ( )
best

j i

k

d d

i j ij

j

F t rand F t





 
  ………….. (11) 

Here, rand j representing any random number ,value of which lies in the range 1, 0. Best fitness value of agent K is given by K 

best  and as the time proceeds its value diminishes and its cost come to be 2% of the preliminary number of objects at end of  

iteration. As per universal law of gravitations , the acceleration of the ith object at the tth iteration in dth path, be presented by: 

ai
d(t) = Fi

d(t) / Mii(t)        …………………… (12) 

Where 

1

( )
( )

( )

i

i p

j

j

m t
M t
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And 

( ) ( )
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( ) ( )

i

i

fit t worst t
m t

best t worst t





    …………….. (14) 

Ability worth of the ith object is represented by fit i at the t th iteration, worst(t) and best(t) are set as: 

best(t)=min(fiti(t))    i=1,2,3,…..P              …………….(15) 

worst(t)=min(fiti(t))    i=1,2,3,…..P              …………..(16) 

After the upgradation of velocity of an object and this value of  updated velocity is summed up with the acceleration as shown 

in the following equation. Consequently, the updated position and the velocity of the ith object at the tth iteration, in dth path is 

given belw: 

𝑣𝑖
𝑡+1 = 𝑤. 𝑣𝑖

𝑡 + 𝑐1 ∗ 𝑟𝑎𝑛𝑑() ∗ (𝑎𝑖
𝑑) + 𝑐2 ∗ 𝑟𝑎𝑛𝑑() ∗ (𝑔𝑏𝑒𝑠𝑡𝑖 − 𝑥𝑖

𝑡)…………..(17) 

xi
d(t+1) = xi

d(t) + vi
d(t+1)  ………..(18) 

There is attraction among all objects due to gravity force which causes motion among agents and heavier the mass stronger 

will be the attraction and vice-versa. Superior solution will be given by the heavier mass. Optimal value is obtained using gbest 

revolving around a better solution .Exploitation ability of PSO helps in extracting the optimal solution. Parameters C1 and C2 

maintains the balance between global search and local search. 

IV. BENCHMARK FUNCTIONS 

Following Lisit of functions showing the benchmark functions used in results. 
Function Dim Range F min 

𝑓1(𝑥) = ∑ 𝑥𝑖
2

𝑛

𝑖=1
 30 [-100,100] 0 

𝑓2(𝑥) = ∑ |𝑥𝑖| + ∏ |𝑥𝑖|
𝑛

𝑖=1

𝑛

𝑖=1
 30 [-10,10] 0 

𝑓3(𝑥) = ∑ (∑ 𝑥𝑗)
𝑖

𝑗−1

2𝑛

𝑖=1
 30 [-100,100] 0 
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𝑓4(𝑥) = 𝑚𝑎𝑥𝑖{|𝑥𝑖|, 1 ≤ 𝑖 ≤ 𝑛} 30 [-100,100] 0 

𝑓5(𝑥) = ∑ [100(𝑥𝑖+1 − 𝑥𝑖
2)

2
+ (𝑥𝑖 − 1)2]

𝑛−1

𝑖=1
 30 [-30,30] 0 

𝑓6(𝑥) = ∑ (|𝑥𝑖 + 0.5|)2
𝑛

𝑖=1
 30 [-100,100] 0 

𝑓7(𝑥) = ∑ 𝑖𝑥𝑖
4

𝑛

𝑖=1
+ 𝑟𝑎𝑛𝑑𝑜𝑚[0,1] 30 [-1.28,-1.28] 0 

 Steps Involved in Hybrid GWO-PSOGSA: 

1) Initialize the population. 

2) Run GWO Algorithm. 

3) Give the updated position from GWO to PSOGSA algorithm. 

4) Return the updated position from PSOGSA to GWO. 

5) Run till the iterations are completed. 

 Advantage of Hybrid GWO-PSOGSA: 

In this paper hybrid algorithm using GWO & PSOGSA is developed for solving global optimization problems. In this hybrid 

output of GWO works as input for PSOGSA. Hybrid developed has large exploration ability. Convergence rate is quiet fast in 

this paper using given hybrid. Moreover, other problems like premature convergence are reduced and complexity diminishes. 

V. FLOW CHART 
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VI. RESULTS 

 Testing Standardized Benchmark Functions using Hybrid GWO-PSOGSA: 

Hybrid GWO-PSOGSA is evaluated on various benchmark functions and improved results are obtained when compared with 

GWO. 

Following table 1 shows the comparison of benchmark functions with GWO. 
Table – 1 

Showing Resluts of Hybrid on Benchmark Functions 

Benchmark functions GWO 
Hybrid 

PSO-GSA 

F1 4.3863 4.3837 

F2 1.04705 1.04704 

F3 3.676398 1.43545 

F4 7.09560 6.52352 

F5 27.070254 25.719223 

F6 0.9987969 0.9566896 

F7 0.0014900 0.01332366 

 Solving Hybrid for ELD: 

 CASE 1: Testing hybrid on ELD for 3-unit system 

Table - 1.1 

Showing Generating Unit Data for Test Case 2 [1] 
Unit ai bi ci Pmin Pmax 

1 0.03546 38.30553 1243.5311 35 210 

2 0.02111 36.32782 1658.5696 130 325 

3 0.01799 38.27041 1356.6592 125 315 

Bmn= [
0.000071 0.000030 0.000025
0.000030 0.000069 0.000032
0.000025 0.000032 0.000080

] 

Where Bmn is loss coefficient matrix.[1] 

Table - 1.2 

ELD Usinghybrid(GWO-PSOGSA) For 3-Unit System 
Sr.no. Method Power demand (MW) P1(MW) P2(MW) P3(MW) PL(MW) Fuel Cost (Rs/hr) 

1 
GWO 

350 
70.30537 156.26414 129.2084 5.776 18564.483995 

Hybrid 70.301227 156.26732 129.2083 5.776 18564.483994 

2 
GWO 

450 
93.93448 193.8324 171.845 9.61271 23112.363351 

Hybrid 93.99342 193.8135 171.841 9.61270 23112.36334 

3 
GWO 

500 
105.9337 212.706 193.273 11.91 25465.46928 

Hybrid 105.879 212.705 193.263 11.91 25465.46914 

Table - 1.3 

Comparison of Fuel Cost with Other Techniques [1] 

Sr.no. Power demand (MW) 
Fuel Cost (Rs/hr) 

Lambda Iteration Method [1] CSA [1] GWO[1] GWO-PSOGSA 

1 350 18570.7 18564.5 18564.4840 18564.4839 

2 450 23146.8 23112.4 23112.3636 23112.3633 

3 500 25495.2 25465.5 25465.4695 25465.4691 

 Case 2: Testing Hybrid for ELD 6 Unit System 

Hybrid (GWO-PSOGSA) is implemented on ELD for 6 unit system. Number of search agents taken are 30 and maximum 

number of iterations performed are 500. 
Table - 2.1 

Generating Unit Data for Test Case 2[1] 

Unit ai bi ci Pmin Pmax 

1 0.15240 38.53973  
 

756.79886 10 125 

2 0.10587 46.15916 451.32513 10 150 

3 0.02803 40.39655 1049.9977 35 225 

4 0.03546 38.30553 1243.5311 35 210 

5 0.02111 36.32782 1658.5596 
 

130 325 

6 0.01799 38.27041 1356.6592 125 315 
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Bmn =  

[
 
 
 
 
 
0.000014 0.000017 0.000015 0.000019 0.000026 0.000022
0.000017 0.000060 0.000013 0.000016 0.000015 0.000020
0.000015 0.000013 0.000065 0.000017 0.000024 0.000019
0.000019 0.000016 0.000017 0.000072 0.000030 0.000025
0.000026 0.000015 0.000024 0.000030 0.000069 0.000032
0.000022 0.000020 0.000019 0.000025 0.000032 0.000085]

 
 
 
 
 

 

Where Bmn  is the loss coefficient matrix.[1] 

Table 2.2: ELD Using Hybrid (GWO-PSOGSA) For 6-Unit System 

S.

no 

Pow

er 

dem

and 

P1 

(MW) 

P2 

(MW) 

P3 

(MW) 

P4 

(MW) 

P5 

(MW) 

P6 

(MW) 

PL 

(MW) 

Fuel Cost 

(Rs/hr) 

1 600 

GW

O 

Hyb

rid 

GW

O 

Hy

bri

d 

GW

O 

Hybr

id 

GW

O 

Hybr

id 

GW

O 

Hybr

id 

GW

O 

Hybr

id 

GW

O 

Hyb

rid 
GWO 

Hybri

d 

23.9

286 

23.8

704 
10 10 

95.6

342 

95.6

341 

100.

7086 

100.

7065 

202.

757 

202.

756 

181.

266 

181.

194 

14.2

360 

14.2

36 

32094.

68 

32094.

67 

2 700 700 
28.3

855 

28.3

027 
10 10 

119.

7571 

118.

9550 

118.

7126 

118.

6727 

230.

6378 

230.

7597 

212.

5308 

212.

7413 

19.4

241 

369112

.1445 

36912.

1443 

3 800 
32.6

228 

32.5

99 

14.4

850 

14.

831 

141.

418 

141.

54 

136.

218 

136.

041 

257.

532 

257.

658 

243.

00 

243.

00 

25.3

28 

25.3

30 

41896.

630 

41896.

6 

Table - 2.3 

Comparison of Fuel Cost with Other Techniques 

Sr.no. Power demand (MW) 

Fuel Cost (Rs/hr)  

Lambda Iteration 

 Method[1] 

Conventional 

Method [1] 
PSO[1] CSA[1] GWO[1] GWO-PSOGSA 

1 600 32129.8 32096.58 32094.69 32094.7 32094.6810 32094.6787 

2 700 36946.4 36914.01 36912.16 36912.2 36912.162 36912.1443 

3 800 41959.0 41898.45 41896.66 41896.9 41896.731 41896.6720 

VII. CONCLUSION 

GWO ,PSO,GSA are one of the newly developed meta-heuristic techniques.In this article hybrid GWO is implemented on 

standardised benchmark functions and solving ELD problem for 3unit test system and 6 unit test system. The outcome reveals 

the efficiency and improved results using hyrbrid GWO in comparison to standard GWO and other conventional methods.The 

algorithm is programmed in MATLAB(R2015a) software package. 
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