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Abstract

A subset D of V (G) is called an equitable dominating set of a graph G if for every v € (V — D), there exists a vertex u € D such
that uve E(G) and |deg(u) — deg(v)| < 1. The minimum cardinality of such a dominating set is denoted by y¢(G) and is called
equitable domination number of G. In this paper we introduce the Equitable domination to the cross product of special graph.
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I. INTRODUCTION

By a graph G = (V,E) we mean a finite, undirected with neither loops nor multiple edges the order and size of G are denoted by p
and q respectively for graph theoretic terminology we refer to Chartrand and Lesnhaik [2] . Graphs have various special patterns
like path, cycle, star, complete graph, bipartite graph complete graph, regular graph , strongly regular graph etc. For the
definitions of all such graphs we refer to Harary [3]. The study of Cross product of graph was initiate by Imrich [7]. Structure
and Recognition of Cross Product of graph we refer to Imrich[8]. A subset S of V is called a dominating set if N[S] = V the
minimum (maximum) cardinality of a minimal dominating set of G is called the domination number (upper domination number)
of G and is denoted by y(G), (I'(G)). An excellent treatment of the fundamentals of domination is given in the book by Haynes
etal [6]. A survey of several advanced topics in domination is given in the book edited by Haynes et al. [5]. Various types of
domination have been defined and studied by several authors and more than 75 models of domination are listed in the appendix
of Haynes et al. [6].

Swaminathan et al[9] introduced the concept of equitable domination in graphs, by considering the following real world
problems; In a network nodes with nearly equal capacity may interact with each other in a better way. In this society persons
with nearly equal status, tend to be friendly. In an industry, employees with nearly equal powers form association and move
closely. Equitability among citizens in terms of wealth, health, status etc is the goal of a democratic nation.

In this paper, we use this idea to develop the concept of equitable dominating set and equitable domination number of a Cross
product of Complete graph K,, and path P,. Next we develop the Equitable domination number of cross product of Complete
bipartite graph K, , and Path P,. Again we develop the Equitable domination number of cross product of cycleC,, and Path P,.

Il. PRELIMINARIES

A. Definition 2.1

A simple graph of order > 2 in which there is an edge between every pair of vertices is called complete graph. Complete graph
can be denoted by K,, and ges = (@) .

& Definition 2

A path graphis a graph whose vertices can be listed in the order vy, vz, ..., Vvasuch that the edges are {vi, vizi}where i =1,
2,...,n— 1.Equivalently,a path with at least two vertices is connected and has two terminal vertices (vertices that
have degree 1),while all others (if any) have degree 2.Path can be denoted by P,and edges n-1.

. Definition 2.3:

A complete bipartite graph is a graph whose vertices can be partitioned into two subsets Vi and V- such that no edge has both
endpoints in the same subset, and every possible edge that could connect vertices in different subsets is part of the graph. That is,
it is a bipartite graph (Va, Vo, E) such that for every two vertices vi € Vi and v, € Vo, vivz is an edge in E. A complete bipartite
graph with partitions of size |V1|=m and |V2|=n, is denoted Kn every two graphs with the same notation are isomorphic.
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£ Definition 2.4:

— Ingraph theory, the Cartesian product G x H of graphs G and H is a graph such that
— the vertex set of G X H is the Cartesian product V(G) x V(H); and

— any two vertices (u,u’) and (v,v') are adjacent in G x H if and only if either

— u=vandu'is adjacent with v' in H, or

— u'=V'and u is adjacent with v in G.

E. Definition 2.5

Aset D € V is called a dominating set if every vertex in V — D is adjacent to some vertex of D. Notice that D is a dominating set
if and only if N[D] = V . The domination number of G, denoted y = y(G), is the cardinality of a smallest dominating set of V .
We call a smallest dominating set a y-Set.
Conjecture 2.6 : For any graph Gand H ,

y(G x H) = y(G).y(H)
Proposition 2.7 :
—  For the complete graph K,on n vertices, y(K,) = 1

— For the Path B, on n vertices, y(B,) = E]
— For the cycle C, onnvertices, y(C,) = E]

Il. EQUITABLE DOMINATION

A. Definition 3.1

A subset D of V (G) is called an equitable dominating set of a graph G if for every v € (V — D), there exists a vertex u € D such
that uv €E(G) and |deg(u) — deg(v)| < 1. The minimum cardinality of such a dominating set is denoted by y¢(G) and is called
equitable domination number of G.

#. Proposition 3.2

1) For the complete graph K,on n vertices, y¢(K,,) = 1
Proof. For the complete graph K,,, any single vertex forms an equitable dominating set of Kn. Hencey¢(K,,) = 1.

71 For the paths P, on n vertices , y¢(B,) = E]
Proof : Since the degree of any vertex of B, is either 1 or 2, any dominating set in B, is clearly equitable. Hence y¢(B,) =

V(Pn) = [g]
i1 For the cycle C, on n vertices , y¢(C,) = E]
Proof ; Since C,, is regular , the degree of any vertex of C, is 2, any dominating set in C, is clearly equitable. Hence Hence

yeR) =v(P) = 3]

41 For the wheel on n vertices , y°(w,) = 1if n =4,5

Proof Letw, beawheel with n -1 vertices on the cycle and a single vertex at the
centre. Let v(w,) = {u, vy, V5 .....v,_1} Where uisthecentreand v;(1 <i<n-—1)is
on the cycle degw,, (v;) =3, forall1<i<n-—1 and degw,(u) =n— 1.

clearly n > 4.

Case:n<5

Then degw, (u) = n — 1 < 4. Since u is adjacent with v; foralli,1 <i<n-—1, {u}is
dominating set of w,, . Also cases, degw, (u) is 3,ifn =4 and 4 ifn = 5. Inboth
cases. degw, (v;) = 3,1 < i <n— 1 Therefore |deg(u — deg(v;))| <1 , forall i,

1 <i<n-— 1. Therefore {u}isan equitable dominating set of w,,.

For the complete bipartite graph K., ,, we have y¢(K,, ) = 2 if [m —n| < 1;m + n, if [/m —n| > 2, where m,n > 2.

Proof : Let K, ,be the complete bipartite graph with m vertices in one partition say V; and n vertices in another partition say V, .
Then
n, ifueV;
deGkn,n W) = {m, if u€ev,

If m —n| <1, then any vertex say u fromV; and any vertex say v from V,constitute a dominating set which is equitable.
Therefore ye(Km,n) <2 if lm—-n| <1 Since m,n= 2, K,,, has no vertex which is adjacent with every other vertex.
Therefore ye(Kmyn) > 2. Also ye(Km'n) =2 if l[m—n| < 1. Suppose |m —n| = 2|m — n|. Let D be a minimum equitable
dominating set of K,,,. Suppose |D| < m + n. Then there exists u € V — D. Let u € V1. (Similar proof if u € V2.
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Therefore degK,, ,(u) = n . Since D is an equitable dominating set of G, there exists v € D such that v is adjacent with u and
|degKm’n(v) - degKm’n(u)| < 1. since u € V; and since V; is independent, we get that v € V,. Therefore ddegy,, ,(v) = m.
Therefore |d€91<mn(17) — degKmn(u)| = |m —n| = 2, which is a contradiction. Therefore |[D| = m + n. Therefore y°(K,,,) =
m+nif|m—n|é2. '

IV. EQUITABLE DOMINATION TO THE CROSS PRODUCT OF SPECIAL GRAPH

A. Theorem 6.1: For any Cross Product of complete graph K,, and path P,,

ve(K, xP,) =2 ifn=>2.
Proof : As the degree of all vertex of K,, x P, is 3.
i.e. deg(K, x P,) = 2 .The equitable condition in D is subset of V(K,, X P,)is called an
equitable dominating set of a graph G if for every v € (V — D), there exists a vertex
u € D such that uv € E(K,, X P,)and |deg(u) — deg(v)| < 1. The cross product of graph of
complete graph K, and path P, is satisfying equitable condition. ie [deg(u) — deg(v)[=0

There fore
YK, xP)) =2 ifn>2
1 4
ul ud 5 8
. J -
>< vl v2
u2 u3 6 7
2 3

Fig. 1:

Conjecture 6.2 : For any graph K,, and P, ,
Ve (Kn X Py) 2 yo(Kp)- Yo (P2)

& Theorem 6.3: For any Cross Product of complete bipartite graph K, , and path P, is

ye(Km_n X Pz) =n, ifn=2 wherem=n

Proof : As the degree of all vertex of K,,, , X P, where m = n is n+1. i.e. deg(Km_n X PZ) =n+1. The equitable condition in
D is subset of V (K, ,, X P,) is called an equitable dominating set of a graph G if for every v € (V — D), there exists a vertex u €
D such that uv
€E(Kyn X Py) and [deg(u) — deg(v)| < 1. The cross product of graph of complete bipartite graph K, ,, and path P, is satisfying
equitable condition and |deg(u) — deg(v)|=0 There fore

Yé(Kmn X P,) =n, ifn>=2 wherem=n
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ul u4
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u2 u3

Fig. 2:

In fig (b) ={1,6} , veV —D =1{2,3,4,5,7,8},u € D, such that uv € E(K,,,, X P,) and |deg(u) — deg(v)| < 1. For(1,5) €
E(Kpn X Py) and |deg(u) — deg(v)| < 1. Similarly all uv points are satisfying equitable condition. (K, , X P,) = 2
Theorem 6.3 :For any Cross Product of complete bipartite graph K, ,, and path P, is
y"’(Km_nxPz) =n-1, ifn=>3 wheren=m+1
Proof : As the degree of all vertex of K,;,,, X P, if n > 2 wheren=m+1 is n+l and n. i.e. deg(Km,n X Pz) =n+1 and
deg(Km,n X Pz) = n . The equitable domination condition in D is subset of V (K, , X P,) is called an equitable dominating set
of a graph G if for every v € (V — D), there exists a vertex u € D such that uv € E(K,,, X P,) and |deg(u) — deg(v)] < 1. The

cross product of graph of complete bipartite graph K, ,, and path P, is satisfying equitable domination condition and |deg(u) —
deg(v)| < 1| There fore

Yé(Knn X P,) =n—1, ifn>3 wherem=2
. Conjecture 6.2:For any graph K,and P, ,
ye(Km,n X PZ) = Ye(Km,n)-ye(PZ)-

. Theorem 6.4 : For any cross product of Path graph P,, and path P,

2n+ 2
[ 3 ] wheren = 2,4,5,7,8,10,11,13,14 ...
ye(PnXPZ)z 2Tl—2
[ 3 ] wheren = 3,6,9,12,15 ....

Proof: As the degree of all vertex of B, X P, is 3 or 2.

i.e. deg(P, x P,) = 2and deg(B, x P,) = 2.The equitable condition in D is subset of V(B, x P,) is called an equitable
dominating set of a graph G if for every v € (V — D), there exists a vertex u € D such that uv € E(K,, X P,)and |deg(u) — deg(v)|
< 1. The cross product of graph of complete graph P, and path P, is satisfying equitable domination condition. ie

|deg(u) — deg(v)| < 1.

E. Theorem 6.5 : For any Cross product of cycle graph C,, and path P,

[Zn—z
3
[Zn—4

] if 3sn<7

l if 8<n<11
ye(CnXP2)=

2n—6
[ ]ileSns16

[2”3_ 8] ifn=17

Proof : As the degree of all vertex of C,, X P, is 3.i.e. deg(C,, X P,) = 3. The equitable condition is satisfying.

V. CONCLUSION

Cross product of complete graph K,, and path P,is satisfying the equitable domination condition and equitable number is 2 .
Cross product of complete bipartite graph K., ,, and P, is satisfying the equitable domination and equitable number is n, if n = 2
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where = n . Cross Product of complete bipartite graph K, ,, and path P, is n-1, if n > 3 where n = m + 1. Cross product of

cycle C,, and path P, satisfying the equitable condition and we have checked equitable domination number of cross product of
cycle C,and path P, upton = 17.

(1]
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