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Abstract

A new method to solve the solution set of polynomial inequalities along the real line is conducted. A polynomial function Pn(x)
in factored form (of real roots only) with odd multiplicity is emphasized. Letrl <r2<...< rk € R, ml+m2+...+mk=n and n>
3,and let Pn(x) = (x-rl)m1(x-r2)m2 ... (x-rk)mk > 0 if n is even, then the solution set is { Xx€ R: X € (—oo, r1) U (ri, ri+1) U (rk,
), i is even number}. Thus, when (X-rl)m1(x-r2)m2 ... (X-rk)mt > 0, the solution set is { X€ R: X € (—0, r1] U [ri, ri+1] U [rk,
o), i is even number}. If nis odd, then the solution set of (X-r1)m1(x-r2)m2 ... (x-rk)ymt >0 is { xe R: X € (ri, ri+1) U (rk, ),
i is odd number}. Thus, when (x-r1)m1(x-r2)m2 . . . (X-rk)mt > 0 the solution set is { x€ R: X €[ri, ri+1] U [rk, «), i is odd
number}. Let Pn(x) = (X-rl)m1(x-r2)m2 ... (x-rk)mt < 0 and n is even then the solution set is { x€ R: x € (ri, ri+1) ,i is odd }.
Thus, when (X-rl)m1(x-r2)m2 . .. (X-rk)mt < 0 its solution set is { x€ R: X € [ri, ri+1] ,i is odd }. If n is odd then the solution set
of (X-r1)mi(x-r2)mz2 ... (x-rk)mt<0is { X € R: X €~o, rlUri,ri+1, i is even }. Thus, when (X-rl)ml(x-r2ym2 ... (X-rkymt <0
its solution set is { X € R: X €—oo, rlUri,ri+l, i is even }. The solution set of a polynomial inequality with negative leading
coefficient will also be obtained with an assumption of the end behavior of a polynomial as can be seen on page 5 and 6. This
research provides a new method in finding the solution set of polynomial inequalities with real roots of odd multiplicities, in
addition to other existing methods. The end behavior of the graph of a polynomial and the alternate sign changes between
consecutive roots of the polynomial function is the base line for the trial and error that is made on this study.
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I. INTRODUCTION

The classical problem of solving an n" degree of polynomial equations and inequality has substantially influenced the development
of mathematics throughout the centuries and still has several important applications to the theory and practices of present day
computing. In particular, the very ideas of abstract thinking and using mathematical notations are the study of problems associated
with polynomial equations and inequality. A polynomial, with degree n, denoted by Px(x), is an algebraic expression of the form
apx™+a1x™ T+ axx"2+ ...+ an—1x + an, Where n is a non-negative integer and x is a variable and a:’s fori=0,1,2, ...,n are
the constant coefficients with ao #0. Polynomial inequality is any inequality that can be put in either of the forms of Px(x) >0,
Pn(x)<0, Pn(x)>0 and Pn(x)<0 where Px(x) is a polynomial. A real number r isa solution of the polynomial inequality if,
upon the substitution of r for the x inthe inequality, the inequality is true. The set of all solution is called a solution set. When
solving a polynomial inequality, just like the polynomial equation, move everything to one side so it is greater than or less than 0.
This tells us whether the solutions being looked for are values that give negative or positive results. Next, it will be needed to
locate what is known as critical numbers. These are values that create zeros for the polynomial inequality, and when placed in
order, divide the number line into “test” sections. This will create test intervals for the inequality which in turn leads to the solution
for the polynomial inequality.

Il. STATEMENT OF THE PROBLEM

Within systems engineering, behaviour is often reduced to solving for the roots of a polynomial. So, it is essential to design a
polynomial to have the correct roots and hence to get the desired behaviour from a system. The concept of polynomial equations
and inequalities has many practical applications in engineering, physics and mathematics. Usually it is common to solve
polynomial inequalities by using graphical method or using sign chart. The aim of this study is to provide alternative methods of
finding the solution set of polynomial inequalities. In this research, the researcher presents general solutions to polynomial
inequalities that can be linearly factored and all its real roots are with odd multiplicity and develops technique in solving polynomial
inequality. The polynomial inequalities that considered are of degree n > 3 and roots of polynomial equation are of real roots with
odd multiplicities. Thus, polynomial inequalities where n > 3 with even multiplicity and roots of the polynomial with non-zero
imaginary part are not covered in this study. The techniques that is presented in this study will help engineers, physics and
mathematicians in reducing the regorious steps of finding the solution set of a polynomial inequalities. Thus, using the results of
the study, the solution to other mathematical problems that involves polynomial inequalities will be shortened. In 2015, Christopher
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M. Cordero and Neil M. Mame of Batangas State University conducted the study “Algorithms in Solving Polynomial Inequality”
and disclosed the solution set of polynomial inequalities with its root containing multiplicities. This study is related in a way
that it is another method on finding the solution set of polynomial inequality that can be linearly factored and all the roots
are with odd multiplicity. The researcher used this concept in proving the theorems of finding the solution set of a polynomial
inequality where the roots of polynomial equation are real.

I11. OBJECTIVES

The general objective of this study is to provide alternative methods of finding the solution set of polynomial inequalities of degree
n > 2. Hence the specific objective of the study is to determine the solution set of a polynomial inequality with roots having odd
multiplicity

IV. METHODS

The methodology employed in this study is the analysis of end behavior of the polynomials, leading coefficient and degree of the
polynomials and then from this information we can filter the solution set of the polynomial inequalities from a real line without
taking any test point in between two consecutive roots. The study used the analysis of the graph of a polynomial functions and
significant information needed in the study was gathered through research from the library and the World Wide Web. Since the
purpose of the study is to introduce a new concept of solving polynomial inequalities, the researcher conducted a trial and error
method to find a pattern in order to make a conjecture in certain cases, and then make a comparison with the results obtained
by Christopher M. Cordero and Neil M. Mame to assure the generalization of the claim and illustration of a provided theorem.

V. SCOPE OF THE STUDY

The polynomial inequalities that considered are of degree n > 3 and roots of polynomial equation are of real roots with odd
multiplicities. Thus, polynomial inequalities where n > 3 with even multiplicity and roots of the polynomial with non-zero
imaginary partare not covered in this study.

V1. PRELIMINARY RESULTS

Fundamental Truths for Polynomial Functions All these statements are equivalent if ¢ € R. If one is true, all the others are true as
well.

1) x=cisaroot of the equation f (x) = 0.

2) cis azero of the function f.

3) cisan x-intercept of the graph of y = f (x).

4) x-cisafactor of f (x).

A. Solving polynomial inequalities using sign charts

A sign chart simply lists the sign of the function you are interested in along the x-axis. It does not provide as much information as
a sketch, but it provides enough to solve inequalities.

Constructing a sign chart for a polynomial relies on knowing the end behaviour of the polynomial (which we get from the leading
coefficient), and the x-intercepts.
1) Definition 1 (Multiplicity)
If the polynomial pn(x) has (x - r)™ as a factor but not (x- r)™?, then r is a zero of pn(x) of multiplicity m. If r € R is a zero of the
polynomial pn(x) with odd multiplicity, then the graph of pa(x) crosses the x- axis at x =r. i.e. The function pn(X) changes sign
at x = r and that is why the function pn(x) changes its signat x =r.
2)End Behavior of a Polynomial
The end behavior of a polynomial function is a way to describe what is happening to the functional values as the x-values approach
the “ends' of the x-axis. That is, what happens to y as x becomes small without bound (written x - —oo) and, on the flip side, as x
becomes large without bound (written x — o).
3) Leading Coefficient Test
Suppose pa(x)= aoxm+aix™ 1+ axx™ "2+ ...+ an-1x + an, Where ao # 0 is a real number. Then if n is an even natural number,
the end behavior of the graph of y = pa(x) matches one of the following:
— forag >0,as X = —o0, pa(x) = o and as X — oo, pp(x) = ©
— forag < 0,a3 X = —o0, pp(x) » —oo0 and as X = oo, pp(x) = —oo

If n is an odd natural number, the end behavior of the graph of y = pn(x) matches one of the following:
— forag >0,as X = —o0, pn(x) = —c0 and as X — oo, pp(x) = o
— forag <0,as X = —oo, pp(x) » 0 and as X — oo, pp(x) » —oo
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4) The Intermediate Value Theorem
Suppose f is a continuous function on an interval containing x = a and x = b with a <b. If f (a) and f (b) have different signs, then
f has at least one zero between x = a and x = b; that is, for at least one real number ¢ such that a < ¢ <b, we have f (c) = 0.

B. Solving Polynomial Inequalities graphically using Multiplicity

Given pn(x)= aoxn+a1x™ 1+ azx™ 2+ ...+ an-1x + an in standard form:

1) Write in completely factored form. (i. e. Find all the zeros and then write them as a product of linear factors.)

2) Plot real zeros on the x-axis, noting their multiplicity.
— If the multiplicity is odd the function will go through the x- axis ( pa(x) changes its signs)
—  If the multiplicity is even the function will bounce off of the x-axis (pn(x) do not change its  sign)

3) Use the end-behavior to determine the sign of pn(x) in the outermost intervals. Then work inward to label the other
intervals as or by using the “change/no change” analysis of the multiplicity of neighboring zeros.

4) State the solution in interval notation.

Combining the property of multiplicity, end behavior and leading coefficient test together will leads us to formulate a solution
set of a polynomial inequality on a real line without constructing a sign chart. This is the core concept that the researcher is going
to paraphrase and attempt to put general solution set of polynomial inequalities of the form that is mentioned in the next section.
Generally the researcher attempt to analyze the solution set of a polynomial inequality without taking any test point in between
any two consecutive real roots of a polynomial. A number line containing the roots of a polynomial is written in their ascending
order will be sketched and then we put alternating signs in between consecutive roots of a polynomial.

VI11.COMPUTING PROCEDURES

A, Case: 1

If ri € R be the roots of a polynomial pn = (X-r))™( x-r2)™ . .. (x-r)™where 1< i < kandri <rp<...<rc  misthe multiplicity
of riand assume that m;’s are a positive odd integer. Let n > 3 be an even integer. Then we obtain the solution of the inequality
(X-r)™( X-r2)™ . .. (x-rQ)™ > 0 along the real line using the following steps:
— Consider the end behavior of a polynomial of degree n if n is even positive integer with positive leading coefficient, as x —
—00, pn(x) = o0 and as X = o, pu(x) =
— Assume the alternating sign change at all the roots since m;’s are a positive odd integer.
Therefore, the solution set of the inequality can be read from the real line below without any computation.

R I N I N W W
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Fig. 1: Case 1
Hence the solution set of (X-r))™( x-r2)™ . .. (x-ry)™ > 0 will be{x € R: x € (—o0, r1)U (r2, I3) U (I4, rs)U .....U(r2g, r2e41) U U
(ri,+o0), t € ZT}
Thus the solution set of (X-r))™( x-rz)™ . .. (x-r)™ >0istheset { x € R: x € (—oo, 1]V [r2, r3] U [rs, Is]U .....U[rz, raee1]
U..U[r,+o0), te Zt: 1<t <k}
Moreover, we can also tell about the solution set of the inequality (x-r1)™( x-r2)™ . . (x-r)™ < 0 by observing the same chart
that contains negatives intervals, thatis {x € R: x € (ry, rt+1),tisoddand1 <t <k }.

B. Case: 2

If ri € R be the roots of a polynomial py = [(X-r1)™( X-r2)™. .. (x-r)™] where 1< i < k and r; <r. < ... <rq, m;is the multiplicity
of ryand assume that my’s are a positive odd integer. Let n > 3 be an even integer. Then we obtain the solution of the inequality
C[(x-r)™( x-r2)™ . .. (x-r)™ ] > 0 where c is any negative real number using the following steps:
— Consider the end behavior of a polynomial of degree n if n is even positive integer with negative leading coefficient, as x
— —00, Pa(x) » —o0 and as X — oo, py(x) = —©
— Assume the alternating sign change at all the roots since m;’s are a positive odd integer.
Therefore, the solution set of the inequality can be read from the real line below without any computation.
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Fig. 2: Case 2
Hence the solution set of c[(X-r)™( x-r2)™ ... (x-n)™] >0 willbe { x € R: x € (r1, 72)U (I3, r4) U (I's, r6)U .....U(r2t, T2e+1)
U..U(rk1, 1), t€ Zt suchthat 1 <t < k}.
Thus the solution set of c[(X-r)™( x-r2)™ ... (x-n)™]>0istheset{x € R: x € [ r1, 2]V [rs, rs] U [rs, 6]V .....U[rzy, rae+1]
U..U[re,nd,te Zt suchthat 1 <t < k}.
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Moreover we can also tell about the solution set of the inequality c[(x-r1)™( x-r2)™. . (x-r)™ ] < 0 by observing the same chart
that contains negatives intervals , thatis { x € R: x € (—oo, 1) U(rz, 13) U(rs, rs5) U...U(Tt, rt+1) U...U (1%, o), t is even and
1<t <k}

C. Case: 3

If ri € R be the roots of a polynomial py = (X-r1)™( x-r2)™ . . . (x-r)™ where 1< i < kandr <rp<...<rc misthe multiplicity
of riand assume that m;’s are a positive odd integer. Let n = 3 be an odd integer. Then we obtain the solution of the inequality (x-
r)™( x-r2)™ . .. (x-n)™ > 0 along the real line using the following steps:

—  Consider the end behavior of a polynomial of degree n if n is odd positive integer with positive leading coefficient, as x —

—00, Pa(x) &> —oo and as X — oo, py(x) - o
— Assume the alternating sign change at all the roots since m;’s are a positive odd integer.
Therefore, the solution set of the inequality can be read from the real line below without any computation.
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Fig. 3: Case 2

Hence the solution set of (X-ri)™( x-r2)™ ... (x-n)™ >0 willbe { x € R: x € (r1,r2)U (I3, r4) U (rs, re)U .....U(r5 ree1) U,
U(rg +o), tisoddandl <t <k }.

Thus the solution set of (X-ri)™( x-r2)™ ... (x-n)™ >0istheset { x € R: x € [ ry,r2JU[(rs, ra] U[rs, re]U .....U[ry, res1] U....
U[rg +to),tisoddand1 <t <k }.

Moreover we can also tell about the solution set of the inequality (x-ri))™( x-r2)™ . . (x-r)™ < 0 by observing the same chart
that contains negative intervals, that is {x € R: x € (—o0, 1) U(r2, 13) U (4, I's) U... U(T, I'+1) U...U(rk1, k), tiseven and 1 <
t <k}

D. Case: 4

Let r; € R be the roots of a polynomial pn(X) = c[(X-r1)™( X-r2)™2... (X-r)™ Jwhere 1< i < kandri<ry<...rx, mjisthe multiplicity
of riand assume that m;’s are a positive odd integer. Let n > 3 be an odd integer. Then we obtain the solution of the inequality
c[(x-ro)™( x-r2)™ . .. (x-r)™ ] > 0 where c is a negative real number using the following steps:
— Consider the end behavior of a polynomial of degree n if n is odd positive integer with negative leading coefficient, as x —
—00, pn(x) = oo and as x — oo, Pa(x) » —oo
— Assume the alternating sign change at all the roots since m;’s are a positive odd integer.
Therefore, the solution set of the inequality can be read from the real line below without any computation.

« I B e N S .
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Fig. 4: Case 4

Hence, the solution set of c[(X-r1)™( x-r2)™ ... (x-r)™] >0 willbe {x € R x € (—o0, r1)U (r2, r3) U (r4, rs)U .....U(rzg r2e+1)
U..U (1, ), t€ ZYand1 <t <k}

Thus, the solution set of c[ (X-r)™( x-rz)™ . .. (x-r)™] > 0istheset{x € R x € (—oo, r1]U [r2, I3] U [ra, Is]U .....U[rz,
r2e+1] U U[ 7Tkt 1], t € ZPand 1<t <k }.

Moreover, we can also tell about the solution set of the inequality—[(x-r1))™( x-r2)™ . . (x-ri)™ ] < 0 by observing the same chart
that contains negative intervals, thatis { x € R x €(r1, r2) U (r3,ra) U ...U (1, 7t +1) U...U(rK, ) tisoddand 1 <t <k }.
— Theorem 1: Letry, rp and rs € R, where ry < rp < rs. If (X-r1)(X-r2)(x-rs) > 0, then the solution set is {X€ R: X € (rz, r2) U (r3, )}
— Corollaryl.1: Let ry, ro and r3 € R, where r1 <1z < ra. If (X-r1)(X-r2)(x-rs) = 0, then the solution set is {x€ R: X € [r1, r2] U [r3,

)}

— Theorem 2: Letrq, rp and r3 € R, where r1 < rp < r3. If (X-ro)(x-r2)(x-r3) < 0, then the solution set is {X€ R: X € (-o0, 1) U (I,
rs}

— Corollary2.1: Letry, r and r3 € R, where ry <1z < ra. If (X-r1)(X-r2)(X-rs) < 0, then the solution set is {X€ R: X € (-00, r1] U [r2,
rs]}

— Theorem 3: Let ri € R be the roots of p, where 1< i < kandry<r<...<rg, m;ibe the multiplicity of riand assume that m;’s
are a positive odd integer such thaty¥_, m; = n. Letn > 3 be an eveninteger.  Then (X-r))™( x-r2)™. .. (x-r)™ >0 ifand
onlyif{x € R: x € (—oo, r))U (11, 7i +1) U( 1k, o0 ), i i iSeven }.

— Corollary 3.1: Let r; € R be the roots of p, where 1< i <k andri<r;<...<rg  m;is the multiplicity of riand assume that
mi’s are a positive odd integer such thaty¥ , m; =n.  Then (Xx-r)™(x-r)™ ... (x-n)™ >0ifandonlyif{x € R:x€
(oo, rJU [, ri 41] U [ 7k, +o0 ) i iseven }.

— Theorem 4: Let r; € R be the roots of p, where 1< i < kandr;<r<...rc  mbethe multiplicity of riand assume that m;’s
are a positive odd integer such thaty¥ , m; = n. Let n > 3 be an odd integer. Then (x-ry)™( x-rz)™ . .. (x-n)™ >0 if and
onlyif{x € R: x €(ri, ri+1) U (7 +oo) iisodd}.
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— Corollary 4.1: Let ri € R be the roots of pywhere 1 < i <k and ri <rx<...<rc  m;is the multiplicity of riand assume that
mi’s are a positive odd integer such thaty'¥_, m; = n. Let n > 3 an odd integer. Then (x-r)™( x-r2)™ . .. (x-r)™ > 0 if and
onlyif{x € R:x€[ri,ri+1]U [r, +oo) iisodd }.

— Theorem 5: Let ri € R be the roots of pywhere 1< i < kandri<r;<...<rc  mjisthe multiplicity of riand assume that m;’s
are a positive odd integer such that ¥, m; = n. Ifniseventhen (x-r)™(x-rz)™ ... (x-n)™ <0ifandonlyif {x € R: x
€ (7, ri+1) iisodd }.

— Corollary 5.1: Let r; € R be the roots of p, where 1<i < kandri <r,<...<rc m;isthe multiplicity of riand assume that
mi’s are a positive odd integer such thaty¥_, m; = n. Let n > 3 an even integer. Then (x-r))™( x-r))™ ... (x-r)™ < 0 if and
onlyif{x € R x€[r,ri+1]iisodd}.

— Theorem 6: Let ri € R be the roots of p, where 1< i < kandri<r,<...<rg m;isthe multiplicity of r;and assume that m;’s
are a positive odd integer such thaty® , m; = n. Letn > 3 an odd integer. Then (X-r))™( x-r2)™. .. (x-r)™ <0 if and only
if {x € R x€(—o, 1)U (r,ri+1) iiseven}.

— Corollary 6.1: Let ri € R be the roots of p, where 1< i < kandri<r,<...<r¢  m;isthe multiplicity of riand assume that
mi’s are a positive odd integer such thaty¥_, m; = n. Let n > 3 an odd integer. ~ Then (X-ry)™( x-r)™ ... (x-r)™ <0 if
andonly if {x € R: x € (—oo, 1] U [ i, 7i +1], L iseven }.

VIII. FINDINGS

The findings of the study are as follows

1) A polynomial inequality of degree three that can be factored as a product of linear factors with real roots.

— Whenry, rp and r3 € R, where r1 < rp < rz. If (X-ry) (x-r2) (x-r3)>0, then the solution set is {x€ R: X € (r1, r2) U (r3, «)}.
Thus, if the inequality is (X-r1) (x-r2) (x-rs) = 0 then the solution set is {X€ R: X € [ry, r2] U [r3,20)}.

— Whenry, r;and rs € R, where ry < rz < ra. If (X-r1) (X-r2) (X-rs) < 0, then the solution set is {x€ R: X € (-00, r1) U (r2, 3)}.
Thus, if the inequality is (X-r1) (x-r2) (x-rs) < 0 then the solution set is {X€ R: X € (-o0, r1] U [r2, r3]}.

2)  Let(X-r)™( x-rz)™ ... (x-r)™ >0where ri€R,1<i <kandr; <r;<..<rc, misthe multiplicity of riand assume that m;’s
are a positive odd integer such that ¥, m; = n. If n > 3 an even integer, then the solution set is{ x € R x € (—o0, 1)U ( 7,
Ti+1) U (7K, +o0 ) i is even }. Thus, when (X-r1)™( x-rz)™ ... (x-r)™ > 0 then the solution is {x € R: x € (—oo, 71]U [ 74, 7 +1]
U [ 1k +oo ) iiseven }. If nis odd then the solution set is {€ R x € (i, 1i +1) U (rk, o) i is odd}. Thus, when (x-r1)™(x-r)™?
... (x-n)™ > 0 then the solution is {x € R: X € [rx, +o0) U [ 7, 7 +1], i is odd}.

3) Let(x-r)™(x-r2)™ ... (x-n)™ <0 where ri€R, 1<i <kandr <r;<...<rg, m;jisthe multiplicity of r;and assume that
mi’s are a positive odd integer such thaty'X , m; = n. If n > 3 an even integer. Then the solution set is {X € R: x € (11, 7 +1) i
is odd}. Thus, when (x-r1) ™ (x-r2)™ ... (x-r)™ < 0 then the solution is {x € R x € [ r;, 7 +1] iisodd }. If nis odd then the
solution set is {€ R x € (—oo, 1) U (i, 7i +1) i is even}. Thus, when (X-r)™( x-r2)™ ... (x-r)™ < 0 then the solution is {x €
R: X € (—oo, 7] U [ 14, 7i +1] 1S even }.

4) Letc[(x-r)™(x-r))™ ... (x-r)™]>0whereri € R, 1<i < kandri<r,<..<rc, misthe multiplicity of riand assume that
mi’s are a positive odd integer such thaty'X , m; = n. If n > 3 an even integer. Then the solution set is {X € R x € (o0, 11) U
(r2, r3) U (ra, rs)U ..U (r2e, r2e41) U U (e, ) t € ZY and 1 < t < k 3. Thus, when —[(X-r))™( x-r2)™ ... (x-r)™ ] > 0 then
the solutionis{x € R x € (—oo, r1]U [rz, 1] U [r4, 15]U .....U [r2g, T2er1] V. U [rier, ]t € ZPand 1 <t <k} Ifc[(x-
r)™( x-r2)™ . .. (x-n)™ ] <0 the solutionsetis {x € R x € (—, 1) U(rz, 13) U(r4, Is) U...U(T, ree1) U...U(rk, ) tis
evenand 1<t <k}

5) Letc[(X-r)™(x-r2)™ ... (x-r)™]>0where ri€R, 1<i <kandri<r;<..r, m;isthe multiplicity of riand assume that
mi’s are a positive odd integer such thaty<, m; = n. If n > 3 an odd integer. Then the solution set is {X € R: x € (-0, T1)U
(r2, r3) U (g, rs)U ....U(r2e, r2e41) U. U (71, 1) 1€ ZTand 1 <t < k }. Thus, when —[(X-r)™( x-r2)™ ... (x-ry)™ ] =0
then the solution is {x € R x € (—oo, r1]U [r2, 3] U [ra, rs]U.....U[r2;, r2e+1] V. U[ 711, ] t€ ZYand 1 <t <k} If c[(x-
r)™(X-r2)™ . .. (x-r))™ ] <0 the solutionsetis {x € R x €(ry,r2) U (r3,rs) U ...U (7¢, 7t +1) U...U(rk, ) tisodd and 1 <
t <k}

IX. RECOMMENDATION

The results of the study can be used as an instructional reference material for instructors of mathematics. The finding can also help
to introduce the students taking applied mathematics and other mathematics courses where the problems regarding polynomial
inequality is required. The problem on solving polynomial inequalities whose roots are with even multiplicity is still open.

X. CONCLUSIONS

This study provided the general solution of a polynomial inequalities of degree greater than or equal to three where the roots
of polynomial equation are real with odd multiplicity. When the roots of polynomial equation are real, then the solution set
of pn(X) = (X-ro)(X-r2)(x-rs) > 0 is the set {X€ R: X € (ry, r2) U (rs, o) }thus when the inequality pn(x) = (X-r1)(x-r2)(x-rs) = 0 the
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solution set is {X€ R: X € [r1, r2] U [r3, ©)}; if pn(X) = (X-r1)(X-r2)(x-r3) < 0 the solution set is {X€ R: X € (-o0, r1) U (I, r3)} thus,
when the inequality pn(X) = (X-r1)(X-r2)(x-rs) < 0 the solution set is {X€ R: X € (-oo, r1] U [r2, 3]}

This paper also provided ways of finding the solution set of polynomial inequalities of degree n > 3 with real roots that have
odd multiplicity. The first step is to let pn(X) = (X-r1)™( X-r2)™ ... (x-r)™ then determine ry, ro, ..., r« Where ri<rx<..., r. Using
end behavior of a polynomial and the alternating sign rule in between two consecutive real roots of a polynomial with odd
multiplicity the inequality (X-ri))™( x-r2)™ ... (x-r)™ >0whereri € R, 1<i < kandr <rp<...r, m;isthe multiplicity of r;
and assume that m;’s are a positive odd integer such that ¥¥_, m; = n if n > 3 an even integer, then the solution set is {x€R x €
(—o0, T1)U (74, 7 +1) U (1K, +o0), i is even} by applying theorem 3 thus, when the inequality (X-ri)™( x-r2)™ . .. (x-r)™ >0 for n
even the solution is { x € R: x € (—oo, r1JU [ 13, i +1] U [ 1, +o0), i iseven } by applying corollary 3.1; If n is odd the solution
set of (X-r1)™( x-r2)™ ... (X-r)™ > 0 is the set {x€R x € (i, ri+1) U ( r,+0), i is odd} by applying theorem 4 thus, when the
inequality (X-r))™( x-r2)™ ... (x-rQ)™ = 0 and n is also odd the solution is {x€ R x € [ i, 7i +1] U [rk, +o0), i is odd} by applying
corollary 4.1.

Using similar argument on the end behavior of a polynomial and the oddness of a multiplicity the solution set of (x-ri)™( x-rz)™?
.. (x-n)™ <Owhereri €R, 1< i < kandr;<r;<..rc, mis the multiplicity of riand assume that m;’s are a positive odd integer
such that ¥¥ , m; = n if n > 3 an even integer, then the solution set is {x € R: x € (r;, ri+1), i is odd }by applying theorem 5
thus, when the polynomial inequality (X-r1)™( x-r2)™ ... (x-ri)™ < 0 by the corollary 5.1 when n is also even the solution set is {
x € R: x € [ri, 7i +1]}; If n is odd the solution set of (x-r1)™( x-r2)™ ... (x-r)™ <0 isthe set {x € R x € (—oo0, 1) U (i, 7 +1), i
is even } by applying theorem 6 thus, when the polynomial inequality (X-r1))™( x-r2)™ ... (x-rQ™ < 0 and n is also odd the solution
setis{x € R: x € (—oo, r1] U [ 14, 7 +1], i is even } by applying corollary 6.1.

Moreover the solution set of a polynomial inequality with negative leading coefficient will have the solution set of the form as
is mentioned on the finding number 4 and 5.
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