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Abstract

In this article, we first discuss the existence and uniqueness of a solution for the coincidence problem: Find p € X such that Tp =
Sp, where X is a nonempty set, Y is a complete metric space, and T, S:X — Y are two mappings satisfying a Wardowski type
condition of contractivity. Later on, we will state the convergence of the Picard-Juncgk iteration process to the above
coincidence problem as well as a rate of convergence for this iteration scheme. Finally, we shall apply our results to study the
existence and uniqueness of a solution as well as the convergence of the Picard-Juncgk iteration process toward the solution of a
second order differential equation.
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I. INTRODUCTION

Let X, Y be two nonempty sets and let T, S: X — Y be two arbitrary mappings. The coincidence problem determined by the
mappings T and S consists in
find peX such that Tp=Sp. (1)

Quite often to solve problem (1), we have to assume that Y is a complete metric space, and T, S: X — Y are two mappings
satisfying some type of contractivity, for instance see [1-5]. Some nonlinear problems arising from many areas of applied
sciences can be formulated, from a mathematical point of view, as a coincidence problem (see, [1-3, 6, 7] and references within).

Once the existence of a solution to problem (1) is known, a central question consists to study if there exists an approximating
sequence (Xn) & X generated by an iterative procedure f(T, S, X») such that the sequence (x,) converges to the coincidence point
of Tand S. Jungck [8] introduced the following iterative scheme: given x; € X, there exists a sequence (Xn) in X such
that TXn+1 = SXn. This procedure becomes the Picard iteration when X =Y and T = lg, where lgis the identity map on X. In
Jungck[4], the author proved that if (X, d) and (Y, p) are two complete metric spaces and T and S satisfy both that S(X) < T(X)
and that for every x, y € X the inequality d(Sx, Sy) < x d(Tx, Ty), with 0 < x < 1 holds, then (Xn) converges to the unique
coincidence point of T and S. Later, this type of convergence results were generalized for more general classes of contractive
type mappings, see [6, 7, 9, 10] (to see another type of iterative schemes we can quote [10, 11]).

Since it is well known that the existence of a solution to problem (1) is, under appropriate conditions, equivalent to the
existence of a fixed point for a certain mapping. In this article, we will use the Wardowski fixed point theorem [12] in order to
show that problem (1) has a unique solution and that the Picard-Jungck iterative scheme converges to the unique coincidence
point, moreover a rate of convergence for this scheme will also be given. Finally, we will apply these results to a general second
order differential equation.

I1. NOTATIONS AND PRELIMINARIES

Throughout this article R+and N will denote the set of all non-negative real numbers and the set of all positive integers
respectively.
1) Definition 2.1. Let X and Y be two nonempty sets and T, S:X — Y two mappings. If there exists x € X such that Sx = Tx
then x is said to be a coincidence point of Sand T.
2) Definition 2.2. Let S and T be two self-mappings of a nonempty set X. The pair of mappings S and T is said to be weakly
compatible if they commute at their coincidence points, that is, TSx = STx whenever Tx= Sx.
The following straightforward result states a relationship between coincidence points and common fixed points of two weakly
compatible mappings, see Proposition 1.4 in Abbas and Jungck [9].
Lemma 2.1. Let S and T be weakly compatible self-mappings of a nonempty set X. If S and T have a unique coincidence point
X, then x is the unique common fixed point of Sand T.
Given k € (0, 1), by Fx denote the set of all strictly increasing real functions f:(0, ) — R satisfying the following conditions:
(F1)Foreachsequence {on}nen positivenumbers, limy—.0n=0<1imy_.f(on)=—c0.
(F2) limg_o-0*f(a)=0.
Definition 2.3. Let (X, d) be a complete metric space. A mapping T : X — X is said to be an F-contraction if there exist t >
0 and f €Fy such that, for all x, y € X,
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d(x,y)>0=>t+H(d(x,y)<f(d(Tx,Ty)). 2
The following result will be the key in the proof of our results. This result was proved by Wardowski [12].
Theorem 2.1. [12] Let (X, d) be a complete metric space and let T : X — X be an F-contraction. Then T has a unique fixed
point x*€ X and for every Xo € X the sequence {T"(Xo) }nen CONvergent to x*.

I1l. MAIN RESULTS

A. Existence and Uniqueness

In this subsection we present a result which guarantees the existence and uniqueness of a solution to problem (1) when the
mappings T and S satisfy a Wardowski'scontractivity type condition.

Theorem 3.1. Let X is a nonempty set and let (Y, p) be a complete metric space. Assume that T, S:X — Y are two mappings
satisfying the following conditions:

1) T(X)isclosed;

2) S(X) & T(X);

3) There exist t> 0 and f € Fx such that, for all x, y € X,
p(Sx,Sy)>0=>1+f(p(Sx,Sy)<f(p(Tx,Ty)). (3)

Then, T and S have at least one coincidence point in X. If, moreover, T is one-to-one, then this coincidence point is unique.
Proof. Consider h: T(X) — 2T® given by h(x): = S(T 'x), where T"'x: = {£ € X:T(&) =x}. Notice that his single-valued.
Indeed, if u, v € h(x) with u#v, then by definition we know that there exists &,&€T 'xsuch that u = S&, and v = S&,. Since
p(S&, S&v) = p(u, v) > 0, from (3), we have that

TH(p(SEu,SEV))<H(p(TEu, TEV))=f(p(x,%))=F(0),
Which is a contradiction, because f is not defined at 0?

Therefore, h : T(X) — T(X) is a single valued map from T(X) into itself. Furthermore, h verifies Wardowski's contractive

condition [12], since if 0 <p(h(x), h(y)) = p(S(T 'x), S(T'y)), then by (3) we have that
TH(p(S(T-1x),S(T-1y))<A(p(T(T-1x), T(T-1y))),
that is, T + f(p(h(x), h(y))) < f(p(x, ¥)).

Bearing in mind that (Y, p) is complete and T(X) is closed, Wardowski's Theorem states that h has a unique fixed
point y*€ T(X). Consider x*€ T'y*. Then, by definition, we have that Sx* = S(T!ly*) =h(y*) =y* = Tx*, that is, x* is a
coincidence point of T and S.

Now suppose that T is injective. If there exist x*, x’ € X such that Sx* = Tx*, Tx' = SxX’ and X* # X/, then SX* = Tx* #Tx'
= SX’ because T is injective. From (3), we obtain

TH(p(Sx*, SX")<f(p(Tx*, Tx'))=f(p(Sx*, SX)),
i.e., T< 0 which is a contradiction.
Corollary 3.1. Let X be a nonempty set and (Y, p) be a complete metric space. Assume that T, S: X — Y are two mappings
such that:
1) T(X) is closed:;
2) S(X) c T(X);
3) There exist T > 0 such that, for all x, y € X,
p(T=Ty)
(141, p(TxTy) )" - @)

Then, T and S have at least one coincidence point in X. If, moreover, T is one to one, then this coincidence point is unique.

Proof. From (c) it follows that

p(Sx,Sy)>0=p(Sx,Sy)=<

| r——— piT=Ty)
A F"[: ! F:] (14T plTxTy)

that is,

(141 plTxTy)

PITxTy) ~/p(5x59))
therefore
1 1
} <

Y e(TeTy) ~ 4/ p(5%5y) Y
The above inequality can be written as
P S
JP(5%5¥) ) T 4 p(T=Ty)
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-1
The last inequality means that T and S satisfy the conditions of Theorem 3.1 with respect to the function f(t):—ltVf(t)=F,

1
which belongs to Fi for some ke(z,1).

#. Picard-Juncgk’s Iteration Process

In this subsection we present the results on the convergence for the Picard-Jungck scheme when the conditions of Theorem 3.1
are satisfied. Before giving our convergence result, we state the following lemma proved implicitly in the proof of Wardowski's
Theorem [12].

Lemma 3.1. Lett > Oand fe€ Fewith ke (0, 1). If {yn}nenis a sequence of real non-negative numbers satisfying t
+ f(yn+1)< f(yn) for all n €N, then the series E:-“c:,:_ ¥iis convergent.

Theorem 3.2. Let X be a nonempty set and (Y, p) be a complete metric space. If T, S: X — Y satisfy the three conditions of
Theorem 3.1 and T is one-to-one, then given x1€ X the iterative scheme TXn1 = Sxpsatisfies that the
sequences {TXn}nen and {Sxn}nen cOnverge to Tp = Sp, where p € X is the unique coincidence point of T and S.

Proof. Notice that under these assumptions, Theorem 3.1 guarantees the existence and uniqueness of a coincidence point
of T and S. Let x; € X. It is worth pointing out that the sequence {xx}nen, implicitly defined as

TXn+1=Sxn forall neN, (5)

Is well-defined, since S(X) € T(X). Furthermore, from the injectiveness of T, there exists T"':T(X)— Xand, therefore, the
sequence {Xn}nen can be explicitly defined by Xn+1=T 1(Sxn)for all n €N.

If there exists no €N such that Sxng = Sxno+1, then by (5) xno+1 iS a coincidence point of T and S. But, in this case, we have
that TXno+2 = SXnot1 = TXnot+1, which implies Xno+2 = Xno+1 ,because T is injective. Again applying (5), we deduce
that TXno+3 = SXno+2 = TXno+1. Bearing in mind the injectiveness of T, we get Xno+3 =Xno+1. Hence, {Xn}n>no is @ constant sequence.

Thus, we can assume that Sx, # Sxn+1 for all n N. For each n €N, we define yn: = p(SXn, SXn+1). Thus, y»>0 for all n €N.

Moreover, from (3) and (5), t+f(yn+1) < f(yn) for all n eN. By Lemma 3.1, the series E;-'x:.;. ylis convergent. Then, {SXn}nen is a

Cauchy sequence, since for m>n,
P(SXm, SXn)<ym-1+ym-2t--+yn<y = Zlavi

Since T(X) is complete, there exists q € T(X) such that Sx, — qasn — . By (5), we also deduce that TX,— gasn — oo.
Since q € T(X), there exists p € X such that g = Tp. Let us see that Tp = Sp.

Notice that there existsny €N such that Sx,# Sp for all n>n;. Otherwise there exists a subsequence {Sxn}nE€N such
that Sxnk = Sp forall ni €N. In this case, Sp = Tp since Sx, — Tpasn — .

Therefore, we can assume that Sx, # Sp for all n > n1. By the contractive condition (3), for each n> ny,

+f(p(Sxn,Sp))<f(p(Txn,Tp)).

Since t > 0 and f is strictly increasing, we have that p(Sxa, Sp) < p(Txs, Tp) for all n>ns. Taking limits and bearing in mind
that Tx, — Tp as n — oo, we infer that Sx, — Sp as h — oo. Then, Tp = Sp.

We now state the convergence of the sequence {x»}nen to the unique coincidence point of T and S.

Theorem 3.3. Let (X, d) and (Y, p) be two metric spaces, with Y being complete. Suppose that T, S : X —Y satisfy the three
conditions of Theorem 3.1. If T is injective and T~'is continuous, then the sequence{Xn}nen, defined by Xn1=T1Sx, for each
n €N, converges to the unique coincidence point of T and S.

Proof. Let p be the unique coincidence point of T and S, whose existence and uniqueness is guaranteed by Theorem 3.1.
Fix x; € X. By Theorem 3.2, we know that {TXn}nen and {SXa}nen converge to Tp = Sp. From the continuity of T~! we conclude
that

LimpowoXne1=liMn_ T1SX=T(Tp)=p.

Notice that it is not easy to check the continuity of T~!. However, one can give some metric type condition for T which implies
the continuity of T™'. In order to do this, we denote by Gthe set of functions g:R+ —R. such that, for any sequence
{tn}nen, liMnog(tn)=0 implies lim,—.t,=0. On one hand, it is easily seen that if g € G then g(t) > 0 for all t > 0. On the other
hand, G contains a large number of functions, because G contains the set of all monotone nondecreasing real functions g:R+ —
R+ such that g(t) = 0 if and only ift = 0, see [10, Lemma 2.2].

Corollary 3.2. Let (X, d) and (Y, p) be two metric spaces, with Y being complete. Suppose that T, S : X —Y satisfy the three
conditions of Theorem 3.1. If there exists g € G such that

g(d(x,y))<p(Tx,Ty), for all x,yeX, (6)

then the sequence {Xn}nen, defined by xn.1=T1Sx, for each n €N, converges to the unique coincidence point of T and S.

Proof. It is sufficient to prove that T is one to one and T~'is continuous. Notice first that (6) implies that Tis one to one.
Indeed, if Tx = Ty then g(d(x, y)) = 0 which implies that d(x, y) = 0, since g € G. Then, T! :T(X) — X is well-defined. We now
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see that T~! is continuous. Let {Un}nen S T(X) be a sequence converging to u € T(X). From (6), we have g(d(T v, T"'w)) < p(v,
w) for all v, w € T(X). Then,
0<limn—og(d(T un, T 1u))<limn_..p(Un,u)=0.
Since g € G, we deduce that T *uy—T tu as n — .
1) Remark 3.1. It is worth pointing out that the continuity of T~* does not imply that (6) holds: Just take T:R+ — R. defined

byT(x)zx/;

2) Remark 3.2. Since the identity mapping is weakly compatible with respect to any mapping, from Corollary 3.2, we
recapture Theorem 2.1.

3) Corollary 3.3. Let (X, d) and (Y, p) be two metric spaces, with Y being complete. Assume that T, S: X =Y are two
mappings satisfying the conditions of Corollary 3.1 and, in addition, that there exists g € Gsuch that T : X — Y satisfies
inequality (Equation 6). Then the sequence {xn}, defined by xn+1=T 1(Sx,), converges to the unique coincidence point of T
and S.

-1
Proof the proof of Corollary 3.1 shows that T and S satisfy the hypotheses of Corollary 3.2 with f(t)= — and therefore we

obtain the result.
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